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The BakhshAlI Mathematics. 

BY 

Bibhutibhusan Daita 
( University of Calctitta) 

Inliodiidory 

In 1881, at Bakhshali, a village near the city o£ Peshawar m the 
north-western coiner of India, was discovered m course of excavation 
by a farmei, a manusenpt of a work on mathematics, written on 
bnch-baik “ The greater portion ” o£ the manusenpt is destroyed 
and the remains consist of some 70 leaves of bnch-bark but some of 
these aie mere scraps llocrnle published two accounts of it, a shoit 
one* in 1883 and a fuller account 1 2 * m 1886. This last description 
was republished, with some additions in 1888 * The work has 
recently been printed and published by the Government of India 
with photographic facsimiles and transliteration of the text together 
with a very comprehensive introduction by Mr. G. R. Kaye* 4 

The Bakhshft.il work is a compendium of rules and illustrative 
examples, together with their solutions It is devoted to Arithmetic, 
Algebra and Geometiy (including Mensuiation). But comparatively 
veiy few problems dealing with Geometiy have remained in the sur- 


1 Indian Antiquary, xu (1883), pp 89 90 

a Verhandlnngcn dos vn Intcrnafcionalcn Onontaliaton Congresses, Arischo 

Section, pp 127 el seq 

4 Ind Ant , xvn (1888), pp 83-18, 275-9 

* The B«khsh6.lt Manuscript — A study in Mediaeval Mathematics - Parts I and II, 
Calcutta, 1927 , hereafter this book will bo referred to as Bakh Ms Part XU of the 
work is still to be out Kaye made two previous communications on the sublet- 
matter of the Bakhshfidt work (1) “ Notes on Indian Mathematics— Arithmetical 
Notation” ( Journ Asiat Soe Beng , III, 1907), and (u) “ The Bakhshftll Manus- 
cript,” Ibid, VIII, (1912), 
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vivmg portion of the work, the major part of which is only of 
arithmetical interest The topics of discussion aie found to include 
£1 action, squaie-ioot, anthmetical and geometncal progressions, income 
and expenditure, profit and loss, computation of gold, interests, rule 
of three, summation of complex senes, simple equation, simultaneous 
hncai equations, quadiatic equation, indeteiminate equation of the 
second degree, mensuiation and miscellaneous pioblems The treat- 
ment of all these subjects is found commonly in oilier Hindu tieatises 
on mathematics. More than this we are not m a position now to 
define the scope of the Bakhshflli work It should, howevei, be noted 
that the sections dealing with those various topics are not well-defined 
Buies and examples pertaining to any one subject ate oftentimes 
found mixed up with those pertaining to another One feature of 
the Bakhshftli work deserves more notice than anything else : 
“ Although the work is arithmetical in form it would be misleading 
to descnbe it as a simple arithmetical text-book. No algebraical 
symbolism is employed, but the solutions are often given in such a 
general foim as to imply the complete general solution, ue , the 
solutions, though arithmetical m form, are really generalised arith- 
metic, or algebra. 1 ’ 1 


Various opinions about its age . 

The composition of the ongmal Bakhsh&lt woik has been leferred 
to various dates by the previous scholars. Hoemle says “lam 
disposed to believe that the composition of the formei (the Bakhsh&li 
work) must be xefeired to the earliest centuries of oui era, and that it 
may date from the third 01 fourth century A.D/’ 2 This estimation 
about the age of the original Bakhshftli woik has been accepted as 
fair by eminent orientalists like Buhler 3 and historians of mathe- 
matics like Cantoi 4 and Cajon. r> Thibaut would like to put it as 
indefinite but he has, however, followed Hoemle in accepting the 
date of the present manuscnpt to be lying between 700 and 900 
A.D. 6 But Kaye would lefei the woik to a penod about the twelfth 


1 Batch Ms , ^ 88 - Ind Ant , \vu, p 36 

# Indian Paleography, p 82 1 M Cantor, Geschiohte der Math T, p 698, 

8 F Cajon, History of Mathematics , 2nd ed , Boston, 1922, p 86, 

« Qr Thibaut, Astronomie , astroloqie und mathemahlc , p, 76 
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Centuiy “ The script, the language, the contents of the work/'’ 
says he, “as far as they can give an y chronological evidence, all point 
to about this penod, and theieis no evidence whatever incompatible 
with it/’ 1 Wo believe, with lloernle, that the woik was wntten 
towards the beginning of the Christian eia, Oui aiguments in suppoit 
of this view will be given later on 


BaMsh&li mathematics older than the present manuscript 

Hoemlo thinks that the mathematical ti eat iso contained m the 
Bakhsh&li manuseupt is consideiably oldei than the present manus- 
cript itself. “ Quite distinct fiom the question of tho age of the 
manuscript/’ says he, “is that of the woik contained in it There 
is eveiy reason to believe that the Bakhsh&ll arithmetic is of a very 
eaiher date than the manuseupt m which it has come down to us ” 2 
This conclusion has been disputed and 1 ejected by Kaye who thinks 
it to be based oil unsatisfactory grounds He then adds, “ Q£ couise 
it will be impossible to say definitely that the manuscript is the 
onginal and only copy of the woik but we shall be able to show that 
there is no good reason foi estimating the age of the work as diJffeient 
from the age of the manuscript to any considerable degree/’ 3 Kaye 
has adversely criticised the linguistic and paheograplnc evidence of 
lloernle I frankly confess that I am as ignorant of the abstruse 
sciences of language and of palmogiaphy as any other layman. So I 
am not in a position to judge the comparative value of the evidence 
and arguments advanced by the either sides in respect of those matters 
of the controversy But what [ feel is this Kaye’s arguments, if 
proved sound and sufficient, will establish at the most that the present 
manuscript was wntten about the twelfth century, as is contended 


T Batch, Ms , t* 185 
* Ind Ant , xvn, p. 36 
8 Batch Ms , $ m 

In suppoit of tins opinion, Kayo states ** There is evidence that the Ms. is 
not a copy at all It is not tho woik of a single scribe there aro cross references 
to loaves of the manuscript 1 , there is a case of wrongly numbering a sUra and the 
mistake is noted m another hand-wntmg” (p 74 la) The facts noted in the 
latter part of this statement cannot possibly support what is stated in the beginning. 
On the contrary they strongly tend to show that the present manuscript is a copy* 
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by him 1 Hocmle himself eonsideis it to be not much older, 
belonging probably to a period about the ninth century of the 
Chiistian era, 2 Most of the other leasons of Kaye against Hoemle's 
view, based on certain internal evidence, such as (1) the general use 
of the decimal place-value notation, (l) the occunence of the approxi- 
mate square-root rule and (3) the employment of the legula falsi , 
will be shown to be resting on imperfect knowledge of the scope 
and development of Hindu mathematics There is, however, other 
internal evidence of unquestionable value to show that the BakhsMli 
mathematics cannot belong to so late a peiiod in which Kaye would 
like to place it. 


BakhshdM work a commentary. 

There is another noteworthy fact about the work contained in the 
present Bakhshftlx manuscript. From the method of its treatment 
Hoernle thinks it to be a harana work 3 lam led still further to 
the conviction that the Bakhsh&li work is not a treatise on mathe- 
matics m its true sense, but a commentary — a running commentary, 
of course, — on such an earlier work The manner of its composition 
and particularly the very elaboiate, lather ovei -elaborated details 
with which the various workings of the solution are most carefully 
recorded, without tiymg to avoid even unnecessary repetitions, 
strongly tend to such a conclusion Here and there are given 
explanatory notes of passages, literary synonyms of words and techni- 
cal terms, some of which will noway be considered difficult, or which 
are already well-established For instance, on folio 3 verso, the word 
parasparakrtam has been explained by the woid gumtam ( tala paras - 
parakrlam gumtam ) , again on a subsequent occasion, this latter 
term has been interpreted as equivalent to another more difficult and 
less known term abhyasa {taira guna ab/igasam, folio £7, recto). 
On another occasion we have avrttipi avrttiguvam (folio 1 1, leeto) ^ 


1 Batch Ms , § 135, a Ind Ant , xvn, p 36 

3 Ind Ant , xu, p. 89 

* For a different use of the term pravrttt * see folio 14, verso, and 15* 
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It is stated m several instances that Isay amajp cist am 1 Here is a 
very typical passage fiom the woik 1 2 — 

“ ... dvigfinamach j adulviguna [ £ | chayojjhitam | cha 
(ya) utta?am I ato nttcuam pdtagitva ekam lhavaU ” 

The above style of composition is very characteiistic of a com- 
mentary. And the whole work is written more or less in the same 
style. 

Happily we have in the woik still moie conclusive pioof of this 
Theie aie some cioss-refeiences which are of immense help, For 
instance it has been observed about the 10th snira (rule), which 
refeis to a method of multiplication, that “ this rule is explained on 
the second page.” 3 * A similar remark has been made about the 14th 
sutra that it is “ written on the seventh page 5,1 The importance of 
these two observations in determining the character of the BakhshAli 
work cannot be ovei-estimated 5 It will be easily recognised that 
those observations cannot in any way be due to the authoi of 
the original treatise For evidently those sutras occur at two places 
in the work. No author is likely to retain consciously sueh 
lecurrences in Ins work and pass them over merely by giving 
a cross-reference So the duplications, as also the observations, 
must be attributed to a second person, the commentator. And 
they happened in this way * The original BakhshAli treatise was not 
a systematic work It was an ordinary compendium of mathematical 
tules and examples in which the rules relating to the same topic of 
discussion oven, were not always put together at tho same place. 
We notice this irregularity of treatment to a certain extent m the 
portion of the tioatiso winch has been left to us. It may be pointed 
out that such irregular treatment is not at all unusual m case of early 
works and we find another instanco of the kind m the Argalhattya of 
Aryabhata (499 A. D ). Tho commentator very properly attempted 
to improve upon the order, rather disorder, of the author, here and 
there, as far as possible, without disturbing it too much, by noticing 

1 Polios 10, 12, 14. 

a Polio 05, vorso Tho portion within the brackets ( ) has been restored 

8 evafh sutrafii dvitiya pabre vwaritastt , folio 1, recto 

41 ( sa)ptam(aYk ) patreblnhhhitasti, folio 8, recto The letters withm the brackets 
are missing m the manuscript 

n Por similar other remarks see folio 4 (verso) 
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and commenting npon at the same time the sulras which are very 
closely connected. So that he had sometimes to explain a sfitra eailiei 
than its turn accoiding to the plan of the authoi Sometimes a 
commentatoi is compelled to refei to a subsequent sutra before time 
owing to mdiscietion of the authoi 1 Theiefoie when there comes the 
piopei turn £ol the explanation of such a sutia, he simply passes it 
over, veiy naturally, by giving the eioss-reference to previous pages 
Thus there will lemain veiy little doubt that the present BakhshAli 
woit is a running commentaiy on an eailier work Further there are 
found othei cioss-refeienees which veiy strongly suggest that the 
illustiative examples aie also due to the onginal author 2 


Present manuscript a copy 

Inspite of what is stated on the contrary by Kaye, 3 tl eie aie 
many things to make one believe that the present manuscript is not 
the onginal of the BakhshA.li work, but is a copy from another manus- 
cript For it exhibits wiitmgs of more than one scube, possibly of 
five 4 This can be explained most satisfactorily only on the assump- 
tion that it is a copy Further on folio 4, veiso, is found an observa- 
tion as regauls a certain suha (rule) that “ theie is mistake in the 
rule 99 (sutie hhranhutadi) The style of wilting of this observation 
is same as that of other writings on the leaf So there is absolutely 
no doubt that all the wntings on the leaf are due to the same scribe. 
Moreovei, though this observation is placed between two lines of 
writings, it is not an ordinary ease of interlining. From the appor- 
tionment of space m and about the lemark, it is apparent that the 
remark was introduced at the time of making the copy, but not on 
any subsequent occasion. Now that observation cannot be due to tho 


1 For instance, tho author may give an illustrative example which may involve 
a mathematical principle which is yet to be explained 'Vn instance of the land is 
found in tho Truatika of flrfdhaia wlieic the author very lmhscretely gives two 
examples (E\ 7) in illustration of tho Ilulo 19, which involves mathematical 
principles explained in the Rules 23 and 21 In this work the commentator, who 
is no other than the author of tho treatise himself, gives tho cross. references 
(Tnvaltka, p 7) 

“ Vide infra , p 9 footnote 5 

* Bakh M s , p 71 footnote 

‘ Ibid, pp 11, 97. 
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author of the original tieatise. Foi no author would pass over a 
mistake in his woik with a mere obseivation that it is wiong. So it 
must be from another peison, possibly the scribe Theie is also 
author possibility, and there are reasons to believe it to be moie 
probable, that the setibe found it m the copy which he used. In any 
case, it will follow that the piesent manuscnpt is a copy, A moie 
conclusive pi oof of this is furnished by the colophon that the woik is 
“written (t h&lnlam ) by a Biahmana mathematician, son of Chajaka, 
foi the education of the son of Vasista ” 1 Had Chajaka been the 
another ot the work, the moie appropnate and usual word foi this 
colophon to begin with would have been Mam or vuacilam 
(“ composed ”) 

The scribe seems to be a eaieless one For the manuscnpt is full 

of slips and mistakes Hero are a few of them . 

(1) On folio 4, veiso, occurs the passage “shocjasamasutram 17 ” 
Evi lently the figure should be 16. 

(i) On folio 8, recto, a portion “ uttaraidlicnabhajayet ” is deleted 
This was wutten by mistake foi “ uttarenabhajet ’* which is the 
relevant partion of the sfilui meant foi quotation theie. The deleted 
poition can be tiaeed to a pieceding sulra (folio 7, verso). 

(8) On folio 3], veiso, 158 

1 

5 

1 

fit 

is twice miswritten foi 158. This latter fiaction is once again 

<54 

wrongly wutten as “ 158 to 1 so I II,’* Anothei mistake on the 

| 61 , | 

leaf is “ 93 to. SSa 9 , " what is meant 93 j. 

(4) In tlio Balvhslifili manuscnpt, the end of a su6ta is usually 

marked by y Owing to the carelessness of the scribo, the sign 

has heen put many times at an intei mediate place in the mb a* 

These are considered sufficient to show the carelessness of the 
scribe. 

Folio 50, vorso • vahstaputraha hkasydrlhe putra pauira upayogyam bhava- 
tuh hkhitam chajaleaputra ganakaraja bralimayena. 

* For ir,stanr0 see foll ° 4 - V M 80 , 5, rooto, 8, vorso , 10, recto, 16 verso, etc, 
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Distinguishing features of the Bdkhshdli mathematic* 

We thus notice in the present Bakhsluili manuscript fbe harnh- 
woik of three different types of scholars (1) the Writer of an onghml 
treatise, (2) the commentator, and (3) the scnbe Of the latter type 
again there are tiaces of the wo lk of no less than Jive different persons 
who by their co-operation produced the picsent copy We f-hall, how- 
ever, leave these speculative and contioversial matters now for broaden* 
and surer facts in respect of which theie will be less scope for play of 
imagination and diversity of opinions. There aie certain character- 
istic features of the Bakhsh&li mathematics, m the scope of topiew 
discussed m it, in the method of their tieatmont, m the mallei of 
symbols and notations, and last but not the least, m peculiarities of 
terminology, all of which considerably distinguish the work from the 1 
rest of the Hindu treatises on mathematics which are mors commonly 
known, eg, the works of Aiyabhata (449 A D.), Bialimagupta 
(628 A.D.), Srldhara (c 750 A.D.), Mahavlra (850 A J) ) ami 
BhasLara (1 1 5 0 A.D.), as also the commentary of Prithticlakasvllmf 
(860 A D.) on the mathematics of Biahmagupta A careful scrutiny 
of these characteristics, specially with a compaiative view, will not 
only help us to make as fair an estimate as possible of the value of 
that work but will also be of much use in fixing closer line its to the 
period of its composition, about which, we have already seen, there 
exist widely varying opinions Hence such a study will be of much 

more value for the history of early Hindu mathematics than anything 
else. 


Method of exposition 

The most distinguishing feature of the Bakhshilli work and the 
one which strikes the mind of its readers first of all, is its too olabo.ate 
method of exposition which in certain respects is characteristically its 
own. A rule, called sutra, is stated first. It is then illustrated by a 
few examples, called uddhatma, which is in most places abbreviated 
into uda. Sometimes the example is called pratoa (“ qaoHtion » 
Each example is followed by a formal statement of the problem m 
terms of numerical figures and words or abbreviations indicative of 


1 Folios 46, verso, and 65, recto 
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symbols of operation and of other relevant matters. It is generally 
called st/iapana, but on occasions vyasa 1 or nyasa-sl/iapana 2 After 
this comes the careful record of the ve.y elaboi ate details of the 
workings of the solution of the example, called Mr ana, m course of 
which are oftentimes quoted fragments of the lutra under which the 
example is placed If a solution requires the help of another sutra, 
that is also quoted For instance, the rule for finding the approxi- 
mate value of a surd is found to have been quoted again and again on 
every occasion where it is applied This method is now of great help 
to us not only to restore some of the mutilated sultas but also to 
reclaim others which have been completely destioyed in the present 
remains of the Bakhshftli work It is, in fact, from quotations m this 
way that we have come to know of the existence of the appioximate 
square-root rule (vide infra ) Finally comes the verification of the 

solution, called pratyaya. Sometimes the same solution is verified m 
more than one way * 

The above will explain in geneial the method of exposition of the 
Bakbsh&li work But there are also occasional deviations fiom it. 
Foi it is not always that a s&tra is illustrated by examples and an 
example is followed by its solution Theie are at least two Maas in 
the surviving portion of the Bakhsl.Ali wo.k which have no examples 
attached to them They have been passed over as having been ex- 
plained or written on preceding pages Two examples are left 
without solution with similar lemarks. Again solutions of examples 


1 Folios 23. recto 25, verso , 29, recto, and 55, verso Compare also folio 35, 
recto (a) and verso ( b ) 

1 Folios 32 36, 44, verso and 46, recto Tnese references must have escaped the 
notice of Hoornle who remarks otherwise (Ind Ant xu, p 89 , xvii, p 34) 

„ ' , P ° r eX r P l 01 r l0ll ° U ’ Ver8 °’ th6re 13 m0ntlon of ™»fi<=ation by the fourth 
method (anyarh caturtha.pratyayam Jay ante) 

* Folios 1, recto and3,iooto 

' V ! de 'I 10 4 ' r ° Ct0 “ (Examples) of this kmd are also written prov.ously 
on the eleventh page (era* elcadaiamapatrebhihlchUa purvepi) and folio 60 recto 
ekonovifoaahma patre vwantasti (“ explained on the 21st page”) These remark! 
imply that the mathematical principles involved m the examples have been stated 
and illustrated at difioron* places of the Bakhsh&lt work So those are further 
evidence of nhat we havo already pointed out that the plan of treatment 
the original Bakh shall troat.so is not a systematic one It also strongly suggests 
that the examples (uddharana) arc also duo to the ongmal author Lofthe 

commentator is responsible only for the statement, solution and vonfloation of an 
example 
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There are no less than five applications of the above lule in the 
present Bakhsh&li work, viz x 


w 


V41 =6 + A 
12 


(5/12)* 
2(6 + 5/12)’ 


(«) 


a/105 = I0 + - 1 - 0/ 4 ) 

4 2(10+1/4) 


vmr =20 + 20- (20/21) 

21 2(21 + 20 / 21 ) 


(«0 V 889 = 29 + ^, 


(#) V 339,009 = 579 + ^L (384/ 579) 2 

579 2(579 + 384/579) 


'The above approximate formula is now generally attnbuted to the 
Gieek Heron (c. 200 AD.) 2 , and it is restated by the Aiab Al-Ha§- 
Sarftr (c 1175 A D 7) and other medieval algebraists ^ But it was 
known, as has been shown elsewheie, to the second order of approxi- 
mation, to the ancient Hindus several centuries before 4 


1 Folios 57 and 64, verse, 45 recto, 56, recto and 65, vorso , 45 and 46, 
recto Note the expression mulam UistakaranyS or “the loot by tbo method of 
approximation” (Folio 65, verso) 

a T Heath, History of Greek Mathematics, vol 11 , p 324, hereafter this book 
will be referred to as Heath, Oreek Mathamatics Heron’s time is uncertain Ho 
may have lived m the 3id century A D 

8 D E Smith, History of Mathematics, in two volumes, 1925, vol 11 , p 264, 
hereaftei this book will be referred to as Smith, History 

Bibhutibhusan Datta, “ Hindu Contribution to Mathematics,” Bulletin oj 
the Mathematical Association, University of Allahabad Vol I (1927 28), p GO 
Hereafter referred to as Hindu Contribution . 
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Aryabhata and Brahmagupta give the formulae 1 




V“ 2+ ’ =a+ -t 


4 /a ’ +r 

Rodet 2 holds that a process of approximation to the value of a 
surd was known to the authors of the Sulba-sut,ras ) the earliest of 
which was written c 800 B C 


fzr+r = a+ ~-z- + 2a+1 




2a+-l 


<» + ^r) 


■+«l 


where 


2a + 1 


— L. ( 

2a 1 \ 


2 CL -f 1 


2 ( a+ 2a-)-l ^ 


, 2a + 


2a +* 1 


hi ( 1 2a + 1 ) 

2 ( a+ 2^Tr) 


n j , r \ 2a 4- 1 

^ + la+T + 


( 1 ~ 2a + 1 ) 
J ( » + a+l ) 


This is an approximation of the 4th Older Putting a— 1, r=l, 
we get 

V2 = l+ 4+ 1 1 


3 3 4 3 4 34 ’ 


1 Bodefc, Logons de Calcul d' Aryabhata , Brahma sphufa siddhdnta XII. 7, 62 , 
compare also J Tropfke, Geschtchte der Elementar Mathematth , Berlin, 1921, 
VoL II, p. 188 

a L. Rodofc, “ Bur uno m&thodo (^approximation, des raomes carrda, conn© 
dans lTnd© antdrienrment a la conqu6to d'Alaxandro , ,f Bull Soc Math, d, France , 
VII (1879), pp 98-102} "Sur les mdfchodes d’approximation chez lea anciens ” 
Ibtd, pp 159.167* 
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a result well-known in the Snlba-sut? as , l This rule gives an appro- 
ximation by defect whereas the pievious one bv excess Fuithei 
this was unknown to the Greeks, but the second approximation of it 
was known to the Aiabs 2 

We thus learn that Kaye is wrong in asserting that <c the square- 
root rule was not used by the Hindus an! was not even noticed by 
them until the sixteenth centuiy 

Calculation of errors and Process of reconciliation* 

The Bakhshftli mathematics exhibits an accurate method of cal- 
culating errois and an interesting process of reconciliation, the like 
of which aie not met elsewhere They are necessuted by the appli- 
cation of the foregoing approximate squaie-root formula. There aio 
certain examples whose solution leads to the determination of the 
number of terms of an arithmetical progression whose number of 
terms is unknown, but first teim (a) ) common difference ( d ) and the 
sum ( s ) aie known If the number of terms be t, then, acconim** to 
the Bakhshftli work 

*= +® j *> (i ■ 


whence t = ± 8ds 

2d 

The negative sign of the radical has been overlooked m the Bakhshft.li 
woik. Putting p—2a—d and Q = (2a—d) J -f 8 ds 3 we have 

~P + \/ Q 

1 2d 

or 2 dt+p= v /Q, 

also 2 s = l 2 d + pl 

1 Thibaut suspeots that this result might have been obtained by tlui mily 
Hindus by some geometrical devices It has been observed olsawhwo that the 
result was more probably obtained by the process of continued fraction (Hindu 
Contribution ) 

a Smith, History , u, p 2 54, 

8 Bakh Ms , § 69 , oompare also §§ 120, 134 
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Oftentimes in the examples given the value of does not come out 
in exact terms, so that a method of apptoximation has to be adopted 
Let q ti q 2 , be the successive approximations to the value of Q 
and let the values of t obtained fiom them be ^,t 2 , , , Neither 

of these values will evidently give the original quantity s when sub- 
stituted in the equation (1) for the purpose of verification of the re- 
sults obtained. Suppose the values of s conespondmg to the values 
of t be sj, s 2 Then 


2s ^ — t ^ 2 d pt i 

or 8 ds x + p 2 = (2t x d + p) 2 

and 8ds + p 2 = (2£d-t-p) 2 

therefore 8 d (s x - s) = (2 1 x d + p) 2 - (2 td + p) 2 

Now 2 td l +p = (Ji 


Hence 


Smco 


s l -~8 = 


(?i 2 -<5 

8d 


V Q = V a 2 H ? = a + 


r 

2 a 


= ( ll> 


up to the first approximation^ 


wohave (?i 2 -<3 = ( gM 2 =^ 1( say 

Then will denote the firbt enoi. Thereforo 


•*— a 


Similaily for the second approximation, the eiror will be 1 

2 


2 : 


Y (r/M ) t2 V 
\2(a-l-r/2a) ) 


1 The KfUuIcqaya probably refers to this second error. 
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“ d *•— 8- 

We shall now refer to a specific instance, in which 1 
a— 1, <2=1, s=60 

The detailed workings given are 


8ds=480, 2a-d=2.1 — l = l. 480+1=401 


a/ 481 -gi 40 - 8 82 + 40 -922 
42 42 " 42 


Then 


tj — 


1 / 922 , \_880 

2 \ 42 ) ~Q T 


Hence 


, =!llii + l) = 880 ~ 964 _ 848,320 
1 2 84 163 14112 


and 


gj_ if 40 \ 2 _ 1600 
8d 8\ 42 / 14112 


_ ei _ 848,320 _ 1600 _ 846,720 
1 8 d 14112 14112 14112 


Again for the second approximation 


( 2 °/ 21 ) 2 —425 , 042-400 _ 424,642 

21 2(21 + 20/21) 19,362 19,362 

* = 1 ( 424,642 , \ _ 405,280 
2 2 \ 19,362 ) 38,724 


4 Folio 65, verso and 04, recto Portions of the detail workings are not 
p reserved in th$ existing manuscript But they can be easily restored 
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, nn , _ <s (*2 + l) _ 405,280 „ 444,004 
2 2 88,724 77,448 

_ 179,945,941,120 
2,999,090,352 

12 = 40* _ 1G0,000_ 

8 d 8 i x21»x(2l|l»)2 2,999,096,352 

s = s ,- <2 = 1 79 »945,941, 120 -160,000 
2 8 cl 2,999,096,352 


_ 179,945,781,120 ™ 
2,999,096,352 


Negative sign 

In the Bakhsh&ll manusenpt a negative quantity is denote! by a 
cross ( + ) placed after the number affected. Thus 11 7+ means 11—7 
This is veiy remarkable Foi in the manuscripts of Pnthudakasva- 
mi (860 A D ) and latei Hindu writers a dot is usually placed above 
the quantity for the same purpose, so that accoiding to them 11-7 
is denoted by 11 7 The origin of the use of a cross for the negative 
sign has been the subject of much conjecture Tlnbaut has suggest- 
ed its piobable connexion with the Diophantme negative sign iji 
(leveised ip, abbreviation for Xaifns, meaning “ wanting ”) l This 
has been accepted by Kaye. 2 But such a conjecture seems to be 
haidly reliable. For lastly the Greek sign for minus is not ft but 
an arrow-head (/fs) and " it is now ceitain,” observes Heath, “ that 
the sign has nothing to do with An anow-head and a cross 

are too much different to be connected together, or too distinct to be 
confused for each other Secondly, the Greek symbol itself is of 
doubtful ongm. And above all, we are not sure if it is as old as it 
will have to be for being the precursor of the Bakhshftli cross For 
there is no manuscript of the Anthmeliea of Diophantus which is 
oldoi than the Madud copy of the thuteenth century A.D. and 
again in many oases in this work, the negative quantity is indicated 
by writing the full Gieek word for “ wanting ” in its different case 


1 Ind Ant , xvu, p 34. 

a Batch Ms, §b 127 , JASB, via (1912), p 357. 
* Heath, Greek Mathematics II, p 459, 


3 
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endings. So we cannot be suie i£ Diophantus did actually use that 
symbol for the minus sign 1 Under such circumstances it will not 
be proper and safe to assume the possibility of Greek connexion for the 
negative symbol of the Bakhsh&li manuscript Hoernle thinks it — 
though he is not quite confident 11 this respect — to be the abbre- 
viation ha of the word kanitci oi nu (or nu) of the vord nyuna, both of 
which means “ diminished ” and both of which abbreviations, in the 
BraJhml characters, would be denoted by a cross 2 This supposition 
has got a very notable point in its favour. In the Bakhsh&li manu- 
script all the other arithmetical operations are generally indicated by 
the abbreviations 3 , (initial syllables) of the words of that import, 
though often the woids are written in full aud occasionally nothing 
is indicated at all. So it will be very natural to search foi the origin 
of its negative sign in that direction In this way Hoernle’s hypothe- 
sis appears to be a very probable one But its principal drawback 
is that neither the word hanita nor the word mjuna is found to have 
been used in the Bakhsh&li work in connexion with the subtractive 
operation. The nearest approach to that sign is that of h$a, abbreviated 
from hsaya, (“ decrease v ) which has been used several times, indeed 
more than any other word indicative of substraction. The sign for 
hsa> whether in the Biahml characters or m the Bakhsh&li characters, 
differs from the simple cross ( + ) only in having a little flourish at 
the lower end of the vertical line. The flourish might have been 
dropped subsequently for convenient simplification. 


Least Common Multiple, 

The plan of reducing fractions to the lowest common denominator 
before adding or subtracting is known correctly to the author of the 
Bakhsh&li mathematics We nave a few instances of its application 
in the woik. In one instance , 4 it is lequired to find the sum of the 
fractions 

9 11 11 11 11 

1 » -*-21 -*-3’ di > -*-5 


1 Of Smith, History II, p 396 

a Ind Ant , xvn, p 34 

8 It may be be noted that abbreviations of all sorts of things, mathematical as 
well as non-matkematical, have been fr§ely used in the B^hsh&lt work (vide § 62 ) 

* Folio 1, verso 
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They ate first l educed to a common denommatoi (ladrsam 
kryate ), so as to become 


120 90 80 75 72 
60’ 00’ GO’ 66’ 00’ 


respectively 


Finally the sum is stated to be 


437_ 

00 


In a diffeient instance , 1 it became necessary to add up 


113 3 

2'’ 3’ 4’ 5’ 

It is stated that the sum, aftei having reduced to a common 
denominator ( harnsamye krte i/utam ), will be -—jp On reducing the 
fi actions 

12 4 _6 

19’ 7’ II’ 

to a common denominator, they are stated to be iespectively, a 


924 830 789_ 

1403’ 1403’ L403 


A fairly difficult case is to simplify ' 1 


. 13-1 +15+1 + 1 +--L+ 

U W 3i‘ri + 5i h 5 + 


1 . 21 . 12J 
331 


The lesult is correctly obtained as 


1807 

240 


1 Folio 17, recto a Folio 2, verso* 

8 Folios 48, (recto and verso), and 44, (recto) Compare Bakh Ms , 5 95 The 
manuscript is erroneous here , so is also Kaye’s transliteration Our emendation is 
correct as it gives the correct result This is another proof of the fault of the scribe. 
Vide also folios 44 (verso) and 67 (verso) 



20 


BIBIIUTIBIIUSAN DATTA 


The method of finding the least common multiple is found in the 
Gamta-saia samgraha of Mahavlra (c 850 A D,) 1 and probably also 
in Pnthudakasv&mi's commentary on the Bfa/ima-sphuta-nidd/ianta, 2 
but not m the woiks of Aryabhata, Biahmagupta and Bhaskaia 


Anthmehcal notation — Wor el-numerals 

The arithmetical notation generally employed thioughout the 
Bakhsh&li work is the decimal place-value notation. This fact has 
been differently utilised by different wnters On the one hand 
Hoernle 3 and Buhlei, 4 who believe in the antiquity of the Bakhshftli 
mathematics, consider it as evidence of the eailiei date of the disco- 
very of that notation by the Hindus On the contraiy, Kaye 5 * who 
believes in the non-Indian origin of the place-value notation and in 
its late introduction into India, consideis its geneial adoption in the 
Bakhsh&li work as proof against the hypothesis of the previous 
wnters about the early date of this woik It is now definitely known 
that Kaye’s notions about the origin of the place- value notation is 
wiong It was invented m India about the beginning of the Chnstian 
era, probably a few centunes eailier G But apart from that contio- 
veisy it should be noted that the nearly exclusive application of tins 
notation m the Bakhsh&li woik is very much noteworthy masmuehas 
in almost all the available Hindu mathematical treatises, save and 
except the Aryabhatiya of Aryabhata (499 A D.), we find copious 
use of the word-numerals. There is, however, evidence to show that 
the author of the Bakhsh&li work did know the principle of the woid- 
numeral system of arithmetical notation In it we find the use of 
the words rupa ( = 1), msa ( = 6) 7 , and pada f = J) 8 with nuraeucal 

1 Gamta-sara-safiigraha , m 56 Gf Hindu Contribution 

s Oolebrooke, Hindu Algebra, p 281, footnote 1 , p 289 fn Also Brdhma^ 
sphuta-siddhanta , pp 178-9. 

3 Ind Ant , xvn, p. 38. * Indian Paleography, p 82 0 Bahh Ms , § 131 

6 This has been proved by the writer in a series of articles “A Note on the 

Hindu- Arabic Numerals” (Amer Math Month , vol 33, 1926, pp 220 1), “Early 
literary Evidence of the uae of the zero in India ” (Ibid, pp 449 54) , “ The present 
mode of expressing numbers ” (Ind Hist Quart , vol. 3, 1927, pp 530 40), ” Al- 
Blrftni and the origin of the Arabic Numerals” (Proc Benares Math. Soc. Vol 7 

1928) * ‘ * 

7 Folio 60, verso * Kaye reads it as vasa which is meaningless It should be 

rasa (c/. Ind Ant., xvn, p 41)* 8 Folio 4, recto, 



Illfc BAKHSHALl MATHEMATICS 


ai 


significance The use of the last word is as old as the Vedas 
The fiist occuis as eaily as in the Jyotim Yedafiga 1 (c 1200 B C ) 
and the second in the Cfiandah-sutta of Pmgala (before 200 BC) 2 
Again m speaking of a very laige number 

2653296226447064994 83218 

the Bakhsh&li mathematics wntes 3 4 

Sadvimsasca inpaficaia elconatnmsa eva ca 
Dvdsa(sti) sadumsa caiuheatvahm^a saptati 
Catuhsastim ( va ) mbanamtai am 

Tnoaslti ekavimsa, asta , . palcam 

Clearly the principle of the word-numeral system has been followed 
in this instance The only departuie from its popular features lies 
in (1) the use of the number names m the place of the woid-names 
and (2) the adoption of the left-to-nght system in the anangement 
of the figures. But these featiues, though not common, aie not 
altogether foieign to the system. 1 Once at least the authoi has 
followed the right-to-left sequence For the compound woid catuh- 
panca has been used to denote once | 4 | 5 and again | 5 | 4 (folio 27, 
recto) . 


Rupona Method, 

In the BakhshA.li mathematics, there are several mentions of an 
arithmetical process, called rupona kaiana, and in every case the 
reference is undoubtedly to the rule for the summationjof a senes in 
anthmetical progression, viz 

S = {(*-1 )i + a}t 


1 Yapi$a-Jyoh§a t 23 , ArfiaJyotifta, 31 
a Ohandah sutra , vi, 34 / vm, 2, 3, 10, 31, 18 

a Polio 58, recto This occurs m a problem whose only object seems to be to 
express this big number m figures We do not find such a problem in any known 

Hindu arithmetical tieatise This bespeaks that the Bakhsh&ll work must be 
referred to the early period of tho invention of the decimal place-value notation 

4 The writer has published a comprehensive history of the origin and develop* 
ment of tho word numerals in the Bangiya Sdhitya PariQad Patnka t 1335 B S 
(1928), pp 8 30* 
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The origin of that name is supposed by Hoernle 1 * * K^ye s to be 

lying in the fact that “ the rule in question began with the term 
r up on a which corresponds to the (tf— 1) of the foimuhi». ,? The tei m 
rupond literally means, “ deducting one/’ As the rule is not preserv- 
ed m the available poition of the BakhshS.li mathematics it is not 
possible to verify this supposition. Kaye, however, points out that 
the rule has very nearly the same beginning in the G cl nat ara - 

samgraha 3 of Mahavlra Buponena gaccko dall JcrtaJb .... TLhe above 
interpretation of the ongin of the term lupond karrtna, though not 
impossible, does not appear to be very convincing. The technical 
terms which are commonly used m the Bakhshfi.lt mathematics m 
connexion with the arithmetical progression, such as ddt y prcth/tava y 
caga y uttara pada } dhana , etc , are all same as m the other Hindu 
tieatises, the name rupond karana is unique for it. It is not met with 
elsewhere. It is further noteworthy that no other term in the Uakh- 
shfi,li mathematics, or in any other Hindu mathematical treatise, is 
known to have been formed m the same way, with the opening word 
of the rule. 

It may be noted here that in the Bakhshfi.li mathematics* the wo id 
rupa occurs also with different significance than unity. For instance, 
we find 4 

“ {bhd) jitam ]|1 jatam 1^1 labdham sarupa | e§arnpdhzka'th\ 8 | 

esa Jcala . 3 I u 4 I pa 3 I rupond-karanencl phalam ru 21 \\ dvi- 

I 1 1 I 1 1 


tigasya traird 


1 di 

7 

3 d% 

1 

1 

i 


pha ru 21 1 |” 


or “ .divided becomes 2, ‘quotient plus 1 (rupa)/ this in- 
creased by 1 becomes 3 , which time .by the ? up ona ka rm%a 9 the 
result is ru 21. Of the second, by the rule of three, the result is 
ru 21.” 

In this passage the number 21 has twice been marked as ru f 
abbreviated from rupa Again m a sutra (folio 8, recto) related to 
an arithmetical progression, we find the passage labd/iarh rUpamirt 
vimrdiset , that is, “the quotient should be indicated as rupa u Here 


1 Ind Ant , xvn, p 47 

a Bakh Ms , § 73 

8 li. 63. 


* Folio 7, verso 
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agam the term rupa seems to have a purely technical significance. 
There are other instances in which rupa does not mean unity, but is 
used in connexion with an integer 1 II Similai use of the woid rupa 
is found in later Hindu mathematical treatises wheie it denotes, 
besides i, an integer or the integral part of a mixed fraction. 2 I 
venture to amend the woid rupona to inpana * Then it will mean 
“ making rupa” which means “known or absolute number/* “ known 
quantity as having specific form” 1 So rupana-karana will mean 
“the method of making absolute number,” that is, “ totalisation ” 01 
“ summation.” This hypothesis will be strongly supported by the 
expression “ rupana katanem phalam rupa 21 ” (or “ by ‘ the method 
of making rupa 7 the lesult is rupa 21”) 


Symbol for the unknown 

In. the Bakhshfl.li mathematics the unknown quantity is referred to 
by the symbol o, which is called suruja ( ff void ” or “ empty ”). 5 
Strictly speaking it is not a symbol for the unknown as has been 
supposed by Hoeinle ( * and Kaye 7 For the same symbol has also 
been used foi the “zero” (sunya) of the decimal antlimetical notation 
That is, indeed, its true significance Its use in connexion with an 
algebraic equation, in a sense other than for arithmetical notation, is 
simply to indicate that the quantity which should be there is absent 
or not known. 8 Hence its place m the equation is left vacant and 
this is clearly indicated by putting the sign of emptiness there. Or 


I Folios 21 (recto), GO (recto), 96 (verso) etc 

II Bee Brahma sphuta siddhanta , xn 2 , TruaUkH, pp. 7 et seq , L&ldvati pp 6, 
7> IHjaganita , pp 2 et seq , (Oolebrooke Hindu Algebra, p. 149) 

a Rupona may be an archaic form of rupana, 

* See Momer Williams, Sanskrit English Dictionary , revised by Cappaller and 
Leu in arm, on rupa Compare this use of the word rupa with its use in algebra in 
the sense of absolute known number xn an equation. 

® Uolios 22 (verso), 28 (recto and verso), otc 

n Ind Ant , xu p 90 , xvii, p. 30 

1 Journ Asiat Soc. Beng„ vm (1912), p 857 , Bakh , Ms , §§ 42,60 

" Compare such expressions as mulam na piayate (folio 18. verso. 16 v) pratha - 
math na jdndmt (24, verso), padam na \ ftayato (64, verso), etc m each case of which 
the ajndta (unknown) element has been indicated xn Jthe statement by tuny a. 
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m short, the use of the truly arithmetical symbol for zoio m an 
braic equation is a clear proof of the want of a symbol for the un- 
known m the Bakhsh&li mathematics Correctness of this inteu pota- 
tion will be borne out by the facts (l) that this symbol does nowhore 
entei into any operation, as it ought to have done had it been iutlv a 
symbol foi the unknown, and (2) that oftentimes it is referred to ah 
sunya-stkana, or the “ empty place 9J piovmg thereby that not Inn w 
m that place 1 This hypothesis will be fuither suppoitod by the laef 
that the similar use of the “ zeio ” sign to denote the unknown 
element in the statement ( nydsa ) of problems is found m the attfh* 
metier of Srtdhara 2 and Bhaskaia/ Thus we have -4 

ddth 20 | u o | gacohah 7 | gamtam 24*5 | 

which is a statement of an arithmetical piogression whose first term w 
20, number of terms is 7, sum is 245 and whose common di item* non 
is not known. Both these writers have well defined notations for the 
unknown, and do never use the cipher in this way in their treatises 
on algebra But as the use of algebraic symbols is not permissible in 
arithmetic, they make use of the cipher to indicate that ceitam element 
in a pioblem is wanting Of course, the cipher has wider use m the 
Bakhsh&li mathematics than in any of these works 

The lack of an efficient symbolism is bound to give rise to a cm turn 
amount of ambiguity in the representation of an algebraic equation, 
especially when it contains more than one unknown/* For instance, 
in 6 


0 5 yu mu 0 

set q 7 + 

mu 0 

1 1 1 

1 1 

1 


1 Folios 25 (verso) and 26 (recto) 
a Tn&atika , pp 19 et seq 

8 Ltldvati, pp 18 et seq This is not evident from Colebrooke’s translation yf 
the work where the cipher has been replaced by the query 
* Tnsatska.-g 29 

B Nearly similar difficulty and inconvenience were experienced by the Untie 
algebraists who had only one symbool for the unknown 

6 Folio 59, recto Hoernle and Kaye are not right in thinking that this iiUf*** 
naent represents 


x + 5 = s 2 and #—7=^ 
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which denotes Vx + 5 = 8, v^-7 = t, different unknowns will have to 
be assumed at different vacant places. Again in the statement 1 


a 5 

n 6 

pa, © 

dha 0 

1 

1 

1 

- 1 

a 10 

« » 

pa 0 

dha 0 

1 

1 

1 

1 


which refers to two arithmetical progressions whose first terms and 
common differences are different but known, and whose sums and 
number of terms are equal but unknown, ® stands m the place of two 

different unknowns 2 To avoid such ambiguity, in one instance which 
contains as many as five unknowns, the abbreviations of ordinal num- 
bers such as pra (abbreviated from prathama , “first”), dvi (from 
dvittya, “second”), tr (from trtiya, “third”), ca (from oaturtha , 
“fourth”) “and pam (from paficama , “fifth”) have been used to repre- 
sent the unknowns , e g 3 


9 pra 

7 dm 

10 tr 1 

8 ca 

11 papa 

yntam jdtapi 
prati/aiha (ha- 

7 dvt 

1 10 tr | 

8 ca 

j 11 pam 

9 pra 

mena) 

'1 /? ) i irf 1 ol i a fe\n\ 


16) 17)18)19 (20) 


which means 

aj 1 + a3 2 = 16, #2 + = 17, £3 +£4 = 18, #4. + #5 == 19, a? 5 + a; 1 = 20 

The want of a proper symbol for the unknown eventually leads to 
the adoption of the method of “false position” or “supposition” for 
solution of algebraic equations. The solution generally begins with 
putting “ any desned quantity ” (yadrecha) in the vacant place. 4 * * * 8 

1 Folio 6 , recto 

* It is not easy to say what is intended to be implied by placing the unity below 

the cipher. It is supposed by some to be an indication that the unknown quantity 

will be an integer (Kaye, Bakl i t Ms , § 60). Such a supposition is quite untrue For 

m the instance cited while dhana is an integer ( = 65), pada is a fraotion (*»13/3). 

Strangely this very statement has been quoted by Kaye ]ust after the remark refer- 

red to In certain instances, it is a mixed surd (vide folios 6 and 45, rectos) 

8 Folio 27, verso In one instance in Bhaskara’s Bijagaifita initial syllables of 
the names of particular things have been used as symbols for the unknowns. (Oole- 
brooke, Hmdu Algebra, p 195 , compare also p, xi) 

Cl . I . Bijagatyta , p. 2. 

* YadrcchS pmyase iunye or yadrecha vmyase sunye , that is “putting any 
desired quantity in the vacant place” (Folios 22, verso, and 28, recto). On another 
occasion it is said : Kamiham sunye pinyastarp or “the desired quantity is placed m 
the vacant place” (Folio 23, recto and verso). We have also such expressions as 

4 
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Ongin of ydvat4avat for the unknown. 

Later Hindu algebraists are seen to use the term ydvat4avat (“as 
many as or “so much as”) or its abbreviation yd to represent the 
unknown quantity m algebra We do not know when and how this 
term first entered into the science of algebra, but its use is found as 
early as in the writings of the eminent commentator and mathemati- 
cian Prithudabasv&mi (860 AD) 1 This writer sometimes calls it 
yavaha (or “as many”) and still uses the abbreviation yd 2 Now at 
least from the time of Biahmagupta (628 A.D ), if not earlier, the 
Hindus have adopted as symbols for the unknown quantities, the 
varria* This Sanskrit word denotes the letters of the alphabet as well 
as colours. And indeed both are known to have been used to represent 
the unknown 3 But ydvot4dvat is neither an alphabet nor a colour. 
Hence the suspicion naturally arises how such a term came to be used 
for the unknown. A careful investigation into the origin of this 
term will most likely give a peep into the early history of the growth 
and development 6f Hindu algebra. That suspicion perhaps came f to 
the mind of Pnthudakasv&mi when he most arbitrarily and erroneous- 
ly decided to call yavat tdvat, a varna . “In an example in which 
there are two or more unknown quantities,” says he, “two or more 
colours, as yavat tavat, etc. must be put for their values/’ 4 Bhaskara 

Sunya-sthane rupam dattva or “putting one m the vacant place” (Folios 25, verso 
and 26, recto , compare also folio 22, verso) It should be Doted that though the 
author promises to put any arbitrary quantity ( yadrccha or Kamiharp) m the vacant 
place, in actual practice, he has m most cases put only unity. Thus we find 
4 - yadrccha il 1 11“ and "Kamilcam 1 || ” These facts led Hoernle to conclude that 
these two words have probably been given in this connexion a peculiar significance 
as the number ‘one’ (Ind Ant , xvu, pp 39, 49) Such a conclusion has rather 
been too hasty For m one instance the arbitrary quantity is assumed to be 5 ( tatreo - 
ohUgavtcamak, Folio 29, recto (b)), and in some other instances other values have 
been assumed (vide Bakh Ms , § 72) 

* Oolebrooke, Hindu Algebra , p, 344, fn 2 and p 948 f n. 

It is not known now whether Brahmagupta used yavat- tavat for the unknown 
At least there is nothing to show that he did so The occurrence of the term ih tbs 
solutions of the examples given by Brahmagupta which are found in Oolebrook.’s 
translation of the arithmetical and algebraic portions of his work cannot be 
taken as evidence in this respect. For, as has been already pointed out, they are 
not Brahmagupta’s own 

* Colebrooke, Hindu Algebra , p. 288, footnote 1 ; p 292 fn. 

* Hindu Contribution 

* Oolebrooke, Hindu Algebra , p. 348 fn- 



THE BAKHSHALl MATHEMATICS 


at 

evidently could not reconcile himself with this forced interpretation 
of Prithudakasv&mi, so he makes distinct mention of ydvat tavat 
and varna as symbols for the unknown and attribute the credit for 
the introduction of either symbols to the ancient mathematicians. 
Hence he observes ‘ “So much as” and the colours “ black, blue, 
yellow, and red” and others besides these , 1 * have been selected by 
venerable teachers for names of values of unknown quantities, for the 
purpose of reckoning therewith . 32 This, however, leaves still un- 
explained the origin of the term to ydvat tavat 

According to Kaye , 3 * the origin of the term ydvat tavat is possibly 
connected with Diophantus's definition of the unknown quantity as 
“ containing an indeterminate or undefined multitude of units 33 
(joMthos monddon donston ). Such a conjecture is too far fetched to 
be reliable It should be objected on other reasons also. For 
instance ydvat tavat stands on a principle fundamentally different 
from that of Greek plelhos mon&don donston. Diophantus calls the 
unknown quantity anthmos , meaning “ tiumber v and denotes it by a 
symbol which is an abbreviation of that woid or of its inflected 
forms .' 1 The Hindu ydvat tavat is neither a definition of the un- 
known nor its name, but a symbol for the unknown which has no 
connexion whatsoever with its name or its definition Kaye has not 
explained why the Hindus, if they weie at all influenced by the Greek 
science of algebra in the selection of a symbol for the unknown 
quantity, have deviated from the Greek pimciple of selecting it 

The word ydvat tavat is closely akin to yadrccha in form and more 
so in import . 5 * * 8 I presume that the foimer has originated out of the 


1 The reference here is to the use of the letters of the alphabet to represent the 
unknown He states, “Or letters are to be employed , that is the literal characters 

k, etc , as names of the unknown, to prevent the confounding of them ” (Oolebrooke, 

Hindu Algebra, pp 228-9) This practice again is originally due to “the ancient 

teachers of science,’’ but not to Bkaskara himself 

9 Colebrooke, Hindu Algebra , p, 139 , also compare p. 228 , “For which (the un- 

known quantities) ydvat tavat and the several colours are to be put to represent the 

values,” 

8 Kaye, Indian Mathematics , Calcutta, 1915, p. 25, 

* Heath, Greek Mathematics II, p 456 l 

8 Compare expressions like “ putting yadrccha in the vacant pi W (Wnya 
sth&m) ’’ of the Bakhshfi.lt work and * putting ydvat tavat for the unknown (ajfidtd) 
of later algebras What is called su nya sthana m the Bakhshfi.li work is denoted by 
ajfidta m later times. 
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latter. According to the celebrated Sanskrit lexicographer Amarasimha 
(<?. 400 A.D ), ydvat tavat denotes “ measure ” or “ quantity” (mana). 1 
He had probably m mind the use of that term m Hindu algebra to 
denote “the measure of the unknown quantity ” (avya/cta mdna). 2 
In this way it appears that the ongin of the symbol ydvat tavat is 
connected with the rule of false position m algebra 3 


In the BakhshS.li mathematics two sides of an equation are written 
down one after the other in the same line without any sign of equality 
being interposed. Thus the equations 

a/&+5 =#, Vx— 7 = £, 

appear as 4 


© 5 yu mu 0 

sa 0 7 + mu 0 

1 1 1 

1 1 1 


The equation 


is stated as 5 


aj + 2^ + 3 x + 12 X 4^=300 


e 

2 

1 

3 3 

12 

4 

1 

1 

1 

1 

1 1 

1 

1 


d?8i/a 800 


Sometimes the unknown quantity is not indicated. Thus the 
equation 


3 Compare <( TOT^[ W[^ ” ( Bijaganita p 7). 

* For a different theory about the origin of ydvat tavat by Sarada Kanfca 

Ganguly, see Bull Gal . Math Soc , XVIII (1927), pp 73 74 

4 Folio 59, recto. 

4 Folio 23, verso. See also fohos 21, 23, 24, recto, etc., 
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is represented as 1 


1 

1 

1 

drsya 65 

2 

3 

4 

1 


This latter plan is followed in the arithmetical treatises of Srldhara 
and Bhasbara According to the former 2 


1 

1 

1 

2 

6 

12 


drsya 2 


means *-( | +| + _L )=2 

BhSskara does not use the lines 3 It will be noticed that in all 
the aforementioned woiks the absolute term is called drsya, meaning 
“ visible,” which is sometimes abbreviated into dr A distinction is 
sometimes made in its connotation in the different works The pro- 
blems m connexion with which the above equations arise are of the 
same kind in all the works. But in the BakhshA.li work, the term 
drbya refers to the u gives , 1 ” while in the other works it generally 
refers to the “ remains . ” 4 There is, however, one instance in the 
Lildvati m which the connotation of drsya is exactly same as m the 
BakhshAli work 5 This term is closely related to rufla, meaning 
“ appearance/’ which is the name for the absolute term m the Hindu 
algebra We find thus the true significance of the Hindu name for 
the absolute term in an algebraic equation. It represents the visible 
or known portion of the equation while its remaining part is practi- 
cally unknown or invisible, 

The above plan of writing equations differs much from the plan 
found in Hindu algebra in which (1) two sides are usually written 

1 M 10 70, recto and verso (a) See also folio 69, verso. 

* Tnsattkd, pp. 13 et seq. 

• Lil(lvat*> pp. 11 et seq 

* The term d^sya occurs also in the Ganita-sara safagraha (iv. 4) in the sense of 
M remainder.” 

• Lilavat * , p 11* 
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one below the other without any sign of equality and (2) the terms of 
similar denominations are written below one another, the terms of 
absent denominations from either sides being indicated by putting 
zero as its co-efficient. 1 


Certain Complex Senes, 


As already stated, the author of the Bakhsh&li mathematics is well 
acquainted with the rule for the summation of series m arithmetical 
progression Indeed he gives considerable importance to its treat- 
ment. There are instances of the geometrical progression m the 
work 2 There are further elemental y cases of a certain class of 
complex series, the law of formation of which is quite clear If 
a 2 , a s . denote the successive terms of any senes, we find series of 
the type, 3 


(1) -f- 2<x ^ +3a 1 -f- ^ -f* 

(2) a 1 + 2a 1 +3a a + 4a s + , . -i-na n ^ 1 

(3) a l + 2a l +3(a l ~ha 2 ) + 4(a 1 + a a +«,) + ... 

(4) a 1 + (2a l ±b) + {Sa 1 ±(b+i)} + {4ia l ±lb + 2d)} + ... 

(5) a x + (2a x + 6) + {3aa + (6-M)} + {4a s + (6-f2cfy} + 

(6) + + ^ + (6 + cZ)} + {4(a l +a a + a s ) 

±(b + 2d)} + ... 

(7) #i + (0 1 7+<fe 1 ) + {fc l *’* +^(a 1 + a 1 r)} + {a 1 r* 

+ d(a 1 +a 1 r+a l r a )} + ... 


1 Hindu Contribution 

* Folio 51, verso 

* The series of these types occur respectively on folio 22, verso, 23, recto, 23, 

recto and verso, 25, verso and 26, recto, 24, recto, 24, verso, and 25, recto, 81, 
recto ind verso* * * 
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Evidently the series (4), (5), (6) are obtained respectively fiom 
the series (1), (2), (3) with the help of the subsidiary series m arith- 
metical progression, 

b + (Jb Hh d) + (6 + 2d?) + , 

Similaily the series (7) is formed by combining the series m 
geometric progression 

a 1 + a i r+a 1 r a -fo^r 3 + ... 

with another series formed out of its terms in the following way : 

+ +a a ) + (a 1 +a 2 -f-a 3 ) + 

The law of sequence underlying the above senes is fully known 
to the author, as is shown by his explanatory notes. He says 
tadd vargam tu kdrayet (“ then construct the series ”) 1 The series 
is called vaiga and the sequence kram, a The sequence of the third 
type is aptly called yutivai gakrama , that of the sixth type yutagunita - 
yntakrama or yutagnmtarnakrama according as the upper or lower 
sign in the terms are taken. 


Rule of False Position. 

It has been stated before that in the Bakhshftli mathematics, 
problems leading to solution of algebraic equations are generally 
solved by a method which was known in the middle ages, amongst 
Aiabic and European algebraists, by the name of the Rule of False 
Position. We find in the Bakhsh&li mathematics two types of equa- 
tions which are solved by this method 2 

(1) In the first type, the equation required to be solved is 

/ (•)-/»• 

The mothod indicated for its solution is to assume aDy arbitrary 
value g for x ; it will give 

f ($)=!>', say 

1 Folio 23. recto. 
a Bakh Mi , § 71 
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Then the tiue value of x will be 

(2) In the second type, the equation given is 

ax + i=p. 

If g be a value of x such that 

ag + l—$ y 

then the correct value will be 


The rule of false position is found in the works of most of the 
Arabic algebraists beginning with Al-khow&iizmi (c. 825 A. D.), 
Fiom them it was learnt by the European scholars in the middle 
ages In India, it is expressly followed in the Lilavatt of Bhaskara. 
This led Kaye to surmise that this rule “ was introduced into nor- 
thern India after the time of S§rldhara (xith cent ) ” 1 But such a 
surmise, it will be presently shown, is wholly baseless 


Known to Mah^vlra. 

The rule of “ false position ” has been applied in certain cases m 
the Ganita-scira-samgi aha Foi instance, for finding out an unknown 
quantity ( a^ydkta , ajnata) the sum of the various fractional parts of 
which is known, Mahavlra says 2 

“ The given sum, when divided by whatever happens to be the sum arrived at 
in accordance with the rule (mentioned) before by putting down one tn the place of 
the unknown ''element in the compound fractions), gives rise to the (required) 
unknown (element) in (the summing up of) compound fractions ” 

We have a few other instances of this kind in the work. 3 
Further Mah&vira has applied the method of supposition m solving 

1 Balch . Ms , § 72. 

* Ganita-sdra-sarhgraha , in 107 Compare the original expression m this work 
rupato nyasydvyakte with the passage sunye rupam dattva and similar other passages 
m the Bakhsh&lt work (folios 25, verso and 26, recto , compare also folios 
22, 23) 

• J&td, in 122, 125. 132, 136-7. 
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certain geometrical pioblems 1 Hence Kaye is not truly accurate when 
he says * “ Mahavlra (ix cent.), howevei, uses the method m rather a 
special way m connexion with a geometrical problem.” 2 In fact 
Mahavlra has made more extensive use of the method m connexion 
with certain algebiaical as well as geometrical problems. Still it is 
quite true that he has not made as general use of the method as is 
found m the Bakhsh&li work, 01 even in the Lildvatl 3 In any case 
Kaye's hypothesis of the foieign import of the rule of false position 
mto India after the eleventh centuiy must be abondoned. It should 
be further noted that Mah&vua ( c 850) is a contemporaiy of the 
earliest Arab algebiaist to use that lule, namely, Al-khow&rizmi ( 0 * 
825) Hence it is quite certain that the Hindus have not taken the 
regula falsi from the Aiab scholais, if they have done so at all from 
a foreign nation 4 * 


Known still earlier in India 

It should be observed that the rule of false position was resorted 
to by the Arab and European algebiaists at the early stage of 
development of their science when there were no symbols. It almost 
disappeared from amongst them, as it is bound to do, with the intro* 
duction of a system of notations 6 * 8 It will be nothing unreasonable 
to expect that such had been the case with that rule in India too, 

1 I6id, vn 1 12 i , 221J This should be more accurately called the geometrical 

prototype of the regula falsi of algebra For furthor information on this point 

vide infra p 61 fn, 

a Batch Ms , § 72, This state mont of Kaye followed by anothei of same kind, 

“It (the regula 1 / alsi) occurs in no Indian work until tho time of Mahavlra” (§ 134), 

will obviously confciadict his previous statement, “Its occurrence m the Lil&vatt 
therefore seems to indicate that it was introduced mto noithern India after the 
time of Srfdhara (xitli century)” (§ 72) Thus it appears that Kaye is not sure 

of his own grounds 

8 Ooitam problems in the Bakhah&ll work, Lildvati (pp 10 et seq) t TnsatiJc& 
(pp 13 et seq) and Gamta sdra saihgrali a (iv 6-32), which are of the same kmd 
but differ only m details, have boon solved in the first two works expressly by the 
regula falsi , bub not so m tho other two works, though m them the unknown 
quantity has been tacitly assumed to be one 

* It should be noted m this connexion that while thoio are ample proofs m the 
writings of the early Arab scholais of their heavy indebtedness to Hindu Mathe-* 
niafcios it is still to bo proved that tho Hindus took anything in return from 
them 

• Smith, History II, p. 437. 

5 
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if it was ever followed here. Now it is an well established fact that 
the Hindus reached Nesselmann’s third and the last stage of develop- 
ment of the science of algebia long before all the other nations of the 
world 1 They invented a good system of notations by the beginning 
of the seventh century of the ehnstian era It has been laid down 
by Brahmagupta (6 J8 A D ) that a thoiough knowledge of algebraic 
symbols (vatna) is an essential qualification for a good algebraist. 2 * 
Ws find mention of a symbol for^ the unknown even m the Arya- 
bhata y a of Aiyabhata (4>99 AD) 8 So the method of false position 
must have disappeared from India before that time Or it is at 
kksfc bound to have been relegated to a very inferior position from 
that time. This will account foi the absence of the method from 
the works of Aryabhata and Brahmagupta as well as foi its limited 
application in the Gamta-sara-samyraha of Mah&vlra. There m now 
left no direct evidence from the Hindu souice to show that that 
method was followed in India before the fifth century A. D, 
Unfortunately no Hindu treatises on arithmetic or on algebra which 
©an be definitely referred to that period has survived and come down 
to this day 4 Theie is, however, external evidence. A mediaeval 
Arabic writer .of note, possibly Rabbi Ben Ezia (/;. 1095) refers the 
origin of the lule of false position to India. 5 * * And if our hypothesis 
about the origin of the term ydvat tdvat for the unknown m Hindu 
algebra be true, it is in all probability so, then there will remain 
very little to doubt that the rule was known in India much 
earlier. 


Bhaskara's me accounted for 

Application of the rule of false position by Bhiskara can be truly 
and more reasonably accounted for in a different way than as a 
yesult of contact with foreign nations or on any other hypothesis. 
It is not certainly without any significance that Bh&skara has 


1 Hindu Contribution . 

Brahmagupta aaya By the pulverizer, cipher, negative and affirmative 

qualities, unknown quantity, elimination of the middle tern, colour, [or symbol,]] 

and factum, well understood, a man becomes a teacher among the learned and 

by the affected square (Colebrooke, Hindu Algebra, p 325) 

* Hindu Contribution 

* Leaving of course the Bakhshilt work which is under discussion 

* Smith, History II, p. 437,_footnote J. ' ^ 
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applied that rule nowhere m his treatise on algebra where lies its proper* 
place, but in his treatise on arithmetic, and theie too in a limited 
way still more significant is the fact that one problem which 
occurs in his Brjagamfa as well as in his LUdvatl has been solved 
xn the latter treatise by the method of the false position while in 
the former by the ordmaiy algebraic device of solving linear 
equations 1 Similar differential methods of treatment are noticed 
to have been followed m case of certain other problems which occur 
xn both the works 2 3 Bhaskara has indeed been forced by circums- 
tances to do the same For as is well-known it is not at all 
permissible to use xn arithmetic the symbols and notations which 
are freely permitted to be used in, in fact, whose use is essential for 
algebia. So a method which can be creditably followed m one 
place, may have to be shunned in another Now Bhaskara is found 
to have included in his arithmetical treatise certain topics which 
should properly belong to algebra, e g , Iqta-kanwa (“rule of, 
supposition ” or “operation with an assumed number”), Farga- 
Itarma (“ operation relative to squares”), Qtma-harma, (“operation 
with multiplicators ”), Kuttaka (“ pulverizer ”), etc 8 Bhaskara has 
the following excuse for so doing * 4 * * * 

“ Algebra is similar to arithmetical rules, (but only) appears as if indeterminate' 
(gucfa) It is not indeterminate to the intelligent * it is not certainty six-fold but 
many-fold Arithmetic is the rule of throe and algebra is fine sagacity What 
is unknown to the highly intelligent ? So it is spoken for the dull intellect,” 

In fact the difference between algebra and arithmetic is according 
to him very thin and lies m the demonstration of the rules. 

1 Ltldvati, p. 12 and B%ia-ganita, p 0 48 , Colebrooke, Hindu] Algebra , pp f 24 
and 192. 

» Colebrooke, Hindu Algebra , pp 30 (§ 67) and 212 (§ 183) , 81 (§ 68) and 211 
(§ 182) j 46 (§ 106) and 196 (§ 111), etc 

3 Kutyalca has been included into arithmetic by Mahavira, Aiyabha^a II and 
Bhaskara, but not by Biahmagupta According to the eminent commentator 
GaneSa it has been included into arithmetic for the pm pose of gratifying such 

as are not conversant with algebra And ho has also pointed out that they are 
treated there without algebraic forms (Colebrooke, Hindu Algebra , p. 112 
footnote) 

♦ Ltldvat*> P 15 Similar observations have been repeated in the Bijagatyta 

(p 49) and Siddhanta-Sir omani ( Golddhydya , Praanadhydya , verses 8, 6) These 

show that Bhaskara attached much importance to this view Compare Colebrooke, 

Hindu Algebra , p. xix, 
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He says : l 

'‘Mathematicians hare declared algebra to bn t omputaf Jnn jomnl with dmmmg. 
iration * else there would bo no difTorenee between nuihiretie and aljjehn/ 1 

The truth of tins dictum will ho clearly in evidence hi the trn.it- 
ment of the guna-karma m the Lt/avit/i and (ho mihlhymafauana j n 
the Bijagamta. Both arc piaeticnlly treatment of the* quadratic 
equations. But whereas wo arc given only (he* well-known formula 
for the solution of such oquations in (ho former work, we have in the 
latter the method of deriving that, formula and that too by different 
writers. Now all those subjects will have to he treated without the 
help of the algebraic artifices. The method in most eases is what 
may be called the " rule of supposition,” or « opeiation with an 
assumed number.” That is, starting with a ntunhor arbitrarily 
assumed (qta-rafo or simply *$«), Bluhkarn shows how to obtain 
a solution of any given problem, which is sometimes its exact solution 
or in other cases a particularly limited one." The general solution 
of the problems of the latter class cannot he obtained without the 
help of algebra, In dealing with the topic itjii.htrmti, t he rule of 
supposition leads to an exact solution (and this has not escaped the 
notice of Bhaskara). 0 And that, is what has been called tlm regda. 
falsi in the west. It is noteworthy that, tins method did not attain 
much importance in BhSskara’a works as it once did in the middle 
ages in the west. 


Special terminology, 

n 1 “ tems whlch are generally employed m the 

Bakhshftli mathematics are mostly same as in other Hindu treatises 
on ma ema ics. ut there are a few which are hound to distin- 
guish it at once from thereat. For instance, the common Hindu 
term for the reduction of fractions to a common denominator it 


Oolebrooke, Hindu Algebra, p 227, Biiagamtu, p. 127, 
H'njmspf ^mPiRf vpmin spj: i 
^ vr ti 


Compare also , since the arithmet.o of known quantity (vvakta) is ***** ™ 
that of unknown quant lty {av yaHay (BijaganUa, p. i). * °“ 

* Compare Oolebrooke, Hindu Algebra, P{) . 45 40 

* Lil&vaa, p. 11. ’ ' 


taB BAKHSHALl MATHEMATICS 


87 


savarnana, which means “ making o£ the same class,” but according 
to the Bakhsh&li works it should be sadrsi-karana, (“making similar”) 
oi Jim a-sdm ya-karana (“making the denommatois equal"). 1 These 
two terms, though a little diffused, can be clearly recognised to be 
very closely lelated to, and indeed precursors of the other term The 
word savarna is found only once in the BakhshfUi mathematics as 
forming a part of another compound word, kaldsavarna , which 
refeis to the fraction m general or at least to a paitieular land 
of it 2 This term leappears in the sense of general fraction in the 
Qamta-sdt a-samg) a7ia 3 of Mahavlia and a nearly equal term in the 
Tiisatikd^ of Sndhaia. Now the term savamana is commonly 
adopted in Hindu mathematics from the time of Aryabhata (499 
AD) So its absence from the Bakhshfili mathematics will strongly 
suggest to refer this work to a period anterior to the fifth century of 
the Christian era Two other teims to lead one to such a presump- 
tion aie sthdjoana and moie particularly nydm-sthdpana It has been 
already pointed out that in the later Hindu tieatibes on mathematics, 
the common technical term for the statement of a problem is r?yasa, 
while in the Bakhsh&li mathematics it is more frequently called 
stJtapana and occasionally nyasa or nydsa-st/idpana, 5 Now the com- 
pound nydsa-sthdpana, is redundant, for both the constituents of it bear 
the same significance, so that either would have been quite sufficient 
for the object in view Its occurrence, as also that of sthdpana in 
the place of nydsa, very likely implies that the Bakhsh&li work must 
be referred to a peuod of transition before the introduction of the 
modern term nyasa Again the usual Hindu tieim for the series, from 
the fifth century A D , is stedhl, meaning “senes” but corresponding 
term in the Bakhsh&li mathematics is varga which means “group.”* 
This term is also used to denote the square of a quantity The term 


x W© purposely say should be For these two terms do not occur in the 
Bakhsh&ll mathematics m the form m which they are stated But they will very 
logically follow from the phrases used in this connexion, e g„ sadfsarp hnyate (folio 
X, verso), Kara samye hte (folio 17, reoto) and sadraa kr{te) (folios 30, verso and 
35, recto, 67 and 69, recto), 
a Bakh , Ms , folio 85, verso 
a Gatiiia-s&ra-samgraha, m 1 

* Tristika pp 7, 12, In this work the fraction is more commonly called bhmna f 
which literally means “broken part,” it is also called kaldsavarnana 

# Vide supra , p 9 Vide supra , p 81. # 
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symkaltta which once became so prominent in Hindu mathematics 
to be adopted also by the Arabs/ occuis once in the BakhshfiJf 
mathematics 2 The term hama for the “sequence” is not found 
m other mathematical tieatises As has been already pointed out 
the name rnpana-karana, is also unique for it. There are a few 
other minor technical terms, specially in the titles ot sub-sections 
dealing with particular classes of problems For example, the sub- 
section m the BakhshS,li work dealing with the mixure of golds of 
different varieties is called wvarna-ksaya (“loss of gold”) , J in the 
LUdvati 4 it is called suvarna-ganita (“computations relating to 
gold ), in the G-amta-sdra* ? avngra/ia, suvarna Jcuttikara or suvarna- 
gamta , 5 and in the Tnsatiha , siwaTrba-'varna-parijfiana ® The rule® 
dealing with interest is called hundikdsaincLriaf/anoL sufcras , 7 while the 
corresponding terms in all other works are different ® One method in 
the BakhshS.li work is called ekardsidu kalana-yantfa-prakrij/d*® 
We do not find it elsewhere A few other peculiar technical terms 
are /° partha meaning “series” and probably connected with parthakya 
and a derivative of pvtha (“several”) ; dkdnda meaning “instalment” $ 
pmvrtfo meaning “ original amount.” 


Symbols and notations . 

The BakhshS.li mathematics is particularly characterised by tb© 
absence of any kind of algabraic symbols and notations. Though it 
shows a fair degree of progress in the science of algebra, there m 
not even a specific notation to repiesent the unknown quantity. 
This must have retarded to a great extent any further progress 
m the science We have already noted how the lack of an efficient 


1 Hindu contribution . 

* Folio 4, verso. 

* Bakh. Ms , folio 16, yerso Idanlm stivarnaksayam vaksyama 

* Lilavati, p 24 


® vi 169, suvmnagmxtarupahuttikdra 

* Truatikd, p, 25 
7 Folio 67, recto. 

• Oamta-sara-saThgraha, v., 21 (vrddhmdhdna) LXldmtl, p g, 

mat,fes,p 23 


® Folio 50, verso, 

10 Ind. Ant, xw, p 278 


(miiraka- 

eka-patrl- 
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sy mbolism has given rise to a certain amount of ambiguity m the re«* 
presentation of an algebraic equation and how it, often times, also has 
to the adoption of the method of “ false position” 01 “supposition” 
for the solution of the equation The lack of algebraic symbols has 
left a further marked effect in the work It has necessitated the pre- 
servation of every detail of the workings of the solution of algebraic 
problems keeping up then generality throughout so that the final 
statement of the results should clearly piesent the whole formula 
involved “Indeed the numerical quantities in those problems are 
treated almost like algebraic symbols” 1 11 * * * * * * * X Hence in this way the 
Bakh shall mathematics diffeis greatly from the rest of Hindu mathe- 
matics which manifests a good system of algebraic symbols. 

Theie aie no special signs foi the arithmetical operations in the 
Bakhsh&li work. Any particular operation intended is generally 
indicated by placing the abbreviation (initial syllable) of a Sanskrit 
word of that import after, occasionally before, the quantity affected. 
Thus the operation of addition is indicated by yu (an abbreviation of 
ytit'OL, meaning “added”), 2 subtraction by + which is from k§a (abbre- 
viated from hmya, “ diminished' V multiplication by gu (abbreviation 
of <?una or gunita , meaning “multiplied”) 4 and the division by lha 

1 Balth Ms , § 41 , compare also § 38 

58 I? or example see folio 59, recto, where 

11 6 

o 5 yu means x + 5 and 1 yu ? means 11 + 5 
11 1 A 

a Vide supra, p 18 

* For example, we have 

3 3 3 3 3 3 3 10 gu meaning 3 x 3 x 3 x 3 x 3 * 3 x 3 x 10 (*=21870) 

1111111 1 (Folio 47, recto) 

and 

O I 1 3 [i 2 5 || 3 gu 7 II 4 flit* 9|[ 

X I 1 2 J| 1 2+JI 1 2+ I) 1 2|| 

I 

meaning sc(l + l) + }2x(l + J) — —*} + {3a; (1 +f) — + {4a?(l + $) — 

(Folio 25, verso). 

The beginning and end of this illustration are mutilated but the restoration is 
certain. Hence Hoernle is not correct m stating hat “the operation of multipli- 
cation alone is not indicated by any special sign ” ( Ind , Ant , xvu, p. 86) The 

occurrence of an abbreviation for multiplication has not been noticed by Kaye (vide 
&alch* Ms J 62). See also folio 63, verso. , * 
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(abbreviated from bhaga or bliajita , C( divided ”). 1 Of these again, 
the more systematically employed abbreviation is that for the oper- 
tion of subti action and next comes that of division In case o£ other 
two operations, the indicatory words are often written in tall, or 
occasionally nothing is indicated at all In the lattei case, the 
particular operation intended to be carried on is to be undeistood from 
the context 

The principle of choosing abbreviations of the woids of respective 
imports as the signs of the first four fundamental arithmetical opera- 
tions, as found in the Bakhshfi.li woik, is not met with in other Hindu 
treatises on mathematics, or mdeed in any early mathematics The 
only symbol of an elementary anthmetical operation which the early 
Greeks possessed, viz ,that of subti action, is now known to bo in no way 
connected with the Greek word of that import* 2 Such is also the case 
with the later Hindu negative sign But the principle reappeais m the 
middle ages m Italy m the woiks of Pacioli (1494 A.D ) and others 3 
for plus and minus only, and in Spain in the works of al-QalasMi(1430) 
piobably in a raoie general way 4 The symbols of other arithmetical 
operations such as powers and roots, as also of factum, absolute term 
m an algebraic equation and sometimes also unknowns, have been 
chosen by the later Hindu mathematicians clearly on that principle. 5 


For instance, see folio 13, v'erso, where 


IU 11 1 bha 

36 

|l 1 1 1 

1 

1 2+ 3 4+5 



means 


36 __ 

(1 ll) (1 + i)(l—*J-)(l + 


and folio 42, recto in which 


40 bha 

160 

18 

1 

1 

1 



2 


means 


160 

40 


xl3* 


* Heath, Greek Mathematics II, p 459 Smith on the othex 
that it might have been so connected (Smith, History II, p 396) 

3 Smith, History II, p 397 . 


hand conjectures 


See Colebrooke, Hindu Algebra , pp, x—xm, * ^ 
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In the Bakhsh&li work , 1 the square root of a quantity is indicated 
by writing after it mu, which is an abbreviation for mula, meaning 
“ root/' while m the rest of the Hindu mathematics, it is indicated 
by ha, an abbreviation from lararii , meaning “ surd.” 


So-called foreign influence . 

Kaye thinks that the Bakhsh&li mathematics contains unmis- 
takable signs of foreign, especially Muslim and Gieek, influence 2 
Of the two main instances that he has cited in support of his conten- 
tion, one refers to the rule for finding the approximate value of a surd 
quantity . 8 We have already shown how wrong are his notions about 
the existence and knowledge of that rule amongst the early Hindus. 
It was, indeed, known to them long befoie the Greeks and the Arabs, 
Therefore the occurrence of that rule in the Bakhsh&li mathematics 
is certainly no evidence of its having foreign influence The other 
instance of Kaye is of doubtful value. It is as regards the use of the 
sexagesimal fraction. Kaye observes : 

“ Apparently there is only one purely arithmetical example of the use m the 
text and this example occurs, in connexion with a problem in anthmeiioal progres- 
sion, on folio 6, verso, and 7, recto, where the fraction 178/29 is expressed as 
6 + 8 1 + 16 * i + 33 * * 1 4- 6 * Vs This sexagesimal fraction is actually written thus — 

6 

8 

60 

16 cha° 

60 

33 li° 

60 
6 ri° 

60 

6e° 6 
29 


and 


For instance, vide folio 69, recto 

1 11 yu 6 mu 4 

11 1 


11 7 + mu 2 

1 1 1 


means 


means 


vTT+6 - 4, 


Vll - 7 =* 2 , 


compare also folio 67, verso Kaye is wrong in thinking that mu indicates 
“ squaring ” (Journ Asiat 8oc Beng , vm, 1912, p 367) 

» Vide Bakh Ms , §§ 119-120, 134 Compare also §§ 43, 44 
* Vide §§43, 69, 134. “ There is not much doubt about the exegesis of this 

rule M 


0 
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The upper three figures are missing in the manuscript but the restoration ifl oerta.fsa.*** 
Of the abbreviations h° stands for lipta (G-k lepM) which m Sanskrit wo**k* 
ordinarily means a minute of arc, or the sixtieth part of a degree , vi° ©hands for 
v%hpta, ordinarily a second of arc while ie° stands for hsham 01 ‘ remainder 7’ m 


Though certain weakness of this instance has been recognised 
h J Kaye himself inasmuch as it contains apparent inaccuracies and 
obscurity — 6 the term hjpta heie applies to “ third parts ” instead of 
“fust parts, 1 ” and vihpta to “ fourth parts ” — and inasmuch as lie 
fails to give the correct interpretation of the abbreviation c7ia° in it, 
he feels no hesitation in emphatically asseitmg that “ No stxch 
example occurs in any early Hindu work and there is not the slightest 
doubt that it indicates direct western influence Indeed our author 
could have haidly provided us with a more conclusive piece of 
evidence.” 3 We shall first of all point out that it is not a case of 
“ the transformation of a simple fraction expressed in the ordinary 
way to the sexagesimal notation,” as is supposed by Kaye, The 
fraction m question arises in course of the solution of th© following 
example — 

“ A certain person goes 5 yojanas on the first day, and 8 yojaniM 
more on each succeeding day. Another who travels 7 yojanas per 
day, has a start of 5 days When will they meet, say, O l the be*t 
of the mathematicians ! 

If x be the number of days in which the second man overtakes 
the first, then by the conditions of the problem, we shall have 


7 (5 + x) = 



10 + (x - 



or 3a 2 - 7x - 70 = 0, 


whence x 


7 +| ^ 49 + 840 
6 


dma (or days), 


1 °“ reference t0 the manus °ripfc it will be noticed that there is room for 

TIZLT*’ DOt thr6e HenCe fTOm thlS alone * 

snspeoted if the restoration is as certain as is assumed by Kaye * *** 

* Balch Ms , § 68 7 

* Ibid, § 129 

* Folio recto, 
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the negative value of the radical is not considered m the work. 
Taking the approximate value of the surd, correct up to the second 
order, we get 

178 4 

x = dma = dma . 

29 29 

Expressing the fractional part of a dma in terms of the units of 
lower denomination, such as ghatika, vigkatiha, etc , we shall have 

x = 6 di. 8 gha. 16 vi 33 iil 6*” — 

29 

We do not name the units of the last denominations. In fact, such 
names are not found in any Hindu work But, as has been suffi- 
ciently indicated by the writer, each succeeding unit is one-sixtieth 
of the one preceding it 

It will thus be noticed that what Kaye misrepresents to be a case 
of an abstract fraction is leally a concrete case. What Kaye reads 
c/ia° is unmistakably gh 7°, abbteviation for ghatikd But even with 
this emendation, there remains much obscunty about the instance. 
Kaye^s reading of li° is correct but we fail to see how to connect it 
with ghitiha The unit, vig/iatika does not occur any where else m 
the Bakhsh&li work, Furthei the names of units have been misplaced 
m the manuscript. But this latter may be explained away as due to 
the fault of the scnbe* 

The above is not the only instance in India of the application of 
the approximate scpaie root rule to a conciete case in which the result 
has been expressed in terms of the units of different denominations. 
For as early as the fifth century before the Christian era we find the 
instance, 1 

V 100,000, 000, 000 yo'jana 

= 316,227 yo]ana 3 gavyuti 128 dhanu 13 \ angula 

and a little over 


1 Jambudvtpaprajtiaplt, Sutra 3, Jibdbhigamasutra, Sutra 82, eta 
The instance m question occurs in connexion with the calculation of the cir- 
cumference of the Jambudvlpa which is of the shape of a circle and whose diameter 
is 100,000 yojana. The formula need in this calculation is 


circumference *» a/10 x (diameter)* 


u 
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And this reappeais m the later Jama works also 1 * 3 Full details 
calculation of the above value and of similar other values aie recorded 
m the notes of Siddhasenagam (c 56 BC) on the commentary of 
Umasvati (c 150 B 0 ) on his own Tattvdrt hading a masutra 2 

Other instances of the trace of foreign influence are stated by 
Kaye to be certain sorts of problems which lead to the solution of 
two particular types of linear equations, He does not, however, attach 
much importance to them for he apprehends that in those cah0« ^ 
is possible that the problems reached the Bakhsh&li mathematics by 
way of other Indian works One set of those problems lead to the 
simple equations! 4 


1 1 ,1s 

'T - \° c )' 

a l ^2 a l 


= *» 


a> 


or aJ-ijc- (sc — r^sc) — — T *** (®) 

b i b 2 o i 

Equations very similar to (2) appear in the mathematical papyrus 
of Akhmlm 5 Theie is, however, this difference that in the problems 
of the Bakhsh&li work, we are always given what is c taken away 1 
( T ) from the original quantity (unknown) by the various specified 
operations, whereas in the problems of Akhmlm papyrus i m (given 
what is c left f (x — T) after the operations Now the mathematical 
papyrus of Akhmlm is supposed to have been written between the 
6th and 9th centuries And pioblems leading to equations similar 
to (1) and (2) are well known in the Hindu mathematical treatment 
written m that period, e g , Tusatika (c. 7 50) 6 and G ant ta-*a ra 
graha (850). 7 They are probably contemplated in a rule of lirSAmtt^ 
sjphuta-siddhmta (628) as is suggested by the illustrative example of 
the commentator Prithudakasv&mi (860). 8 Further there are ramsons 


1 Vtde for instance Jambudvtpasamasa of Umasvati (c. 150 B. 0.) t olljf 
TratlokyadtpiJca , and Laghukqetrasamdsa of Katnae^kharasuri (1440 A D,) 

* Tattvdi thadhigamasutra with the commentary of Umasvati and jno&n# of 
Siddhasenagam, Part I, edited by H R Kapadia, Bombay, 1926, pp 268 200* 

3 Bakh Ms , § 120 * Iltd, § 89. 

6 Heath, Greek Mathematics II, p 544 • pH. 

* in 127434, iv 29 32 

8 xn 9 and Prithudakasvamf's commentary there on j Qf m Colebrook«», ifomite 

Algebra , p 283 fn 
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to believe that the Bakhsh&li work was wntten long before the period 
to which the composition of the mathematical papyrus of Akhmlm 
is referred. In such circumstances those pioblems cannot be called 
to show the stamp of foreign influence 

The other set of examples give simultaneous linear equations 
of the type , 1 


or SEa— x 1 = c — d x x lt ^Ex — XQ — c — d^XQ, 

'Z>x — x n = c — d n x n . (4) 

Some particular cases of (3), namely, when n = 3 

X\ Hh ^ & i > Xq -f* “ (Xg > Hh X ^ :=: CI 3 * (5) 

are evidently expressible in the form 2 

^>x~~x l = c l , : Z>x-x 2 = c 2 , ?>x-x s ~c z . ( 6 ) 


One problem involving five unknown quantities gives a similar 
set of equations. Equations of the type ( 6 ) are supposed by some to 
be a modification of the type of equations considered by the Greek 
Thymaudas and which aie solved by his well-known mle Epanthema 3 
This resemblance leads Kaye to suspect an ultimate Greek influence in 
the origin of those problems . 4 One point appears to be in favour of 
Kaye’s view namely that the simple equations of the type (5) occur m 
the AntJmeUca of Diophantus 5 * * 8 But it should be noted that the 
method of solution followed m the BakhshfLli work is quite different 
from those of Thyraaridas and Diophantus. Above all the equations (5) 
are but only particular cases of a more general type of simultaneous 
equations, namely (3), tieated in the Bakhsh&li mathematics, the like 
of which are not found in Greek mathematics Equations of the type 

i Bakh Ms , §§ 78, 79 

4 More general equations of this type connecting n unknown quantities ocour 

in the Aryabhatiya (n 29) of Aryabhata (499 A D ) 

8 This supposition has been disputed by Eodet ( Legons de calcul d'Aryabhaf a) 

and Sarada Kanta Ganguly (Journ. BOR Soc , xn (1926), pp 88 et seq) The 
latter writer has ably shown that the so-called relation between the Hindu and Greek 

types of general simultaneous equations is based on misapprehension* 

* BakK Ms , § 120 

8 I 16 et seq , Heath, Greek Mathematics II, p. 486. 
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(&) differ considerably m form, as also in the method of solution 
from the type of equations considered by Iamblichus who reduced 
them to a type to which Thymaridas's rule applies 1 Thus though 
there is a relation, that too in a modified way, in some paiticular 
cases, theie is much moie difference in other lespects So we shall be 
entitled to reject the views o£ Kaye It will thus appear that Kaye 
has failed to establish his hypothesis of foreign influence in the 
Bakshhali mathematics In fact theie may be very little* if any. 

Impracticable problems 

There aie certain examples in the Bakhshftll mathematics about 
which it may be lightly said that though theie is nothing wrong 
m the mathematical principles which they are to illustrate, all the 
conditions of the problems cannot possibly be realised m life For 
instance, consider the following question 2 

“Oeitam king gives away in succession one-half, ono.third and ono-fomth of 
his money , ho gives 65 in total How much money he had m the beginning P ** 

It will be obtained easily that the king had originally 60 coins. 
Now it may be very rightly asked how is it possible for one to give 
out more than what he possesses? Another impracticable problem 
of this kind occurs on folio 69, recto. 3 

There is anothei set of examples which are specially notable 
inasmuch as then solution calls forth much mathematical skill and 
ingenuity of the commentatoi but which on the whole are highly 
improbable. Solution of each of those problems leads to the determina- 
tion of the number of terms of a series in arithmetical progression 
whose first term, common difference and sum are given. And sin- 
gulaily enough, m every case of them, the number of terms comes out 
to be irrational, so that its exact value cannot be determined at all. 
Hence it is found that the problems do not admit of a real solution. 
One such problem we have already referred to on page 4£. There the 

1 Heath, Greek MathemaUct I, pp. 94 96 

* r ° l10 70 * reoto and v ’ erso (°h Vovtwn* of the text are missing , but the quell, 
tion can he easily restored with the help of the statements 

* In this case the text is destroyed beyond restoration $ut * rapmo ttca. 

bihty of the problem will be recognised from the portion of the statement which 
is left. 
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expression for the time in which two persons will meet contains a 
surd quantity. So the two persons will never meet But such an 
answer does not seem to have been aimed at by the framer of the 
problem. His original mistake has been in the selection of elements 
which are incompatible. Other problems of this kind are mutilated 
beyond restoration m their original form But their true nature can 
be readily recognised from the poitions of their statements which are 
still left 1 It should be pointed out that those problems probably 
deceived also the commentator to think sometimes that the number 
of terms of a series in arithmetical progression can be fractional . 2 

Relation with other Hindu tieatises Biahma-sjphuta-siddhanta 

Hitherto our object has been to treat mainly of those matters 
in respect of which the Bakhsh&li mathematics will be distinguished 
from the rest of Hindu mathematics. Such a study has, of 
course, its worth in the help that it renders in estimating the true 
character as well as the proper value of the Bakhsh&li mathematics. 
We shall now look up for those matters of resemblance which will 
suggest a possible connexion, more or less close, of the Bakhshftli 
work with the one or the other of the remaining Hindu works on ma- 
thematics. Indeed without such an enquiry the present study will 
remain incomplete. 

Hoernle thinks that the Bakhsh&li work bears a “ peculiar 
connection ” with the Biahma-sphuta-siddhanta of Biahmagupta. He 
has pointed out that “there is a curious resemblance between the 
fiftieth sutra of the Bakhsh&li arithmetic or rather with the algebraical 
example occurring in that sutra, and forty-ninth {sic ) sutra of the 
chapter on algebra in the Brahma-Siddhdnta . ” 3 The sutras in 
question are in respect of the solution of the quadratic indeterminate 
equations of the type 

} x — b — t' 1 > 

The sutta in the Bakhsh&li work 4 ] is much mutilated, bttfc fcaii be 

1 Bahh Ms , § 85. 

* For m&tance tnde folio 7, recto, where the number of terms ia stated to be 
( tatra padam ) 178/29 On folio 45, recto, the pada isjso big a fraction as 59425/49200 
Compare also folio 46, reoto 

® Ind Ant ., xrn, p 37 , compare also pp *40, 46, 47. 

* J BakK Ms , folio 69, recto, 
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partially restored from the solution . “ The sum of the additive »«»<! 

subtractive numbers is divided by an assumed number; the quotient 

lessened by the same number and halved, is squared and added to 
the subtractive number ” That is, 

} 2+5 ’ 

where m is any assumed number The solution given by Brahma- 
gupta is exactly the same 2 There is also resemblance between the 
two woiks in the matter of solution of the other type of the quadratic 
indeterminate equations that is still pieserved m the Bakhshftli work, 
namely 


xy — bx—cy—d^ 0 . 

The solution obtained is 8 


where m is an assumed numbei. This is closely like the solution 
found in the BraAma-sj)/iuta-siddkania ,* but it differs considerably 
from the solutions given by Mahavlra 6 and Bhaskara." A still 
more noteworthy point is that Brahmagupta has admittedly taken 
the solution from an earlier work which is not known nmv . 7 
Bhaskara does not treat of the other type of indeterminate equations 
noted above and Mahavlra’s solution of the same is very considerably 
different 8 J 

There are also other points of relation between the BakhshAl! work 
and the Bmhma-sphuta-siddhdnta. In Hindu mathematics fractions 


1 Ind Ant , xvn, p 44 

* Brahma sphuta-sxddh&nta, xvin 73, 84 

» Bakh Ms., folio 27, recto The text is very mutilated. Compare also « 82 

* xvn i 60 Cf Hindu Contribution * 

“ Gamta sara i arh graha, vi. 284 and vn 1121 Vide infra, p. 51 f„ 

„ on ” m,a9anUa ' PP 123 • tlolebrooke, Hindu Algebra, p 270, Hindu Contnbu. 

f 00 :rr sphuta s,ddhanta ’ 63 : ° f - °° iebrooke - **** P . 363 , 

* Tide tnfra , p 5 f 
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are usually divided into different classes {jah). One class, which 
is truly of the most geneial class consisting of fractions of all the 
other varieties, is called in the Bakhsh&li woik as paftcamt jah 
(“ the fifth clat-s ”) 1 This is very significant For accoidmg to 
Srldhara, 2 Mahavlra, 8 Skandasena and otheis, 4 there aie six classes 
of fractions and the class lefeired to should be called, according to 
them, Bftaga-mata (01 “mother-fraction”). Bhaskaia has reduced 
the number of classes of fractions to foui 0 It is only Biahmagupta 
who is known to recognise five classes of fi actions. 6 Further we do 
not find in his woik any kind of special technical names, as are 
commonly found in other Hindu tieatises on mathematics. Hence, 
in the matter of classification of fiactions the Bakhshftli work is in 
complete agreement with the work of Brahmagupta There is an 
approximate formula in the Bralima-sptiuta-sidd/ianta , T which leads to 

(a- l-ir) 2 = a 2 + 2ax, 

wheie r is very small in comparison with a. This can be easily 
connected with the appioximate square-root formula given in the 
Bakhsh&lt work thus 

y/a^+ 2ax = a + x 

Putting e for 2 act, this will become 

^a 2 + e = a+~ 

2a 

G anita-sara-samgraha 

It has been observed by Kaye that “ m some matters of detail the 
BakhshiUi work more closely resembles the Gamfa-sara-samgraAa of 
Mahivlra than any other Indian work on mathematics.” 8 This is 
true to a certain extent and indeed to a greater extent than what 
has been noticed by Kaye For those matters of detail, so far as 
they have been pointed out by him, consist of a few pioblems 9 and 
a very few names of measures 10 Those problems agree only to a 

1 Bakh Ms , folio 52, vorso a Tniatika, pp. 10-12 

» Oanita-sSra-samgraha, in 54 

* Referred to by Pnthudokasvaml (800 A D ) Oolobrooke, Hmdu Algebra 

8 Lildvatl, pp 6 7 * Brahma-sphuta-siddhanta, xn 8, 9 

, xlu C2 ’ » Bakh Ms , § 119. 

• Ibid, p 141, footnote 2 , § 80 ; p. 44, footnote 1 ; p. 61, footnote 2. 

10 Ibid, pp 64, 67 
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partially restored from the solution: “The sum of tho additive 
subtractive numbers is divided by an assumed number ; tho quotient 
lessened by the same number and halved, is squared and added to 
the subtractive number ” That is, 

)}’+*■ 

where m is any assumed number The solution given by Brahma- 
gupta is exactly the same . 2 There is also resemblance between the 
two woiks in the matter of solution of the other type of the quadratic 
indeterminate equations that is still pieserved in the Bakhahftl! work, 
namely 


xi/ — lx— cy — d = Q. 
The solution obtained is 8 


bc + d 
m 


+ c > 


y = b + m , 


where m is an assumed number This is closely like the solution 
found m the Brdhma-sjphuta-siddhdnta , 4 but it differs considerably 
from the solutions given by Mahavlra 5 and Bhfekara. n A util! 
more noteworthy point is that Brahmagupta has admittedly taken 
the solution from an earlier work which is not known now * 7 
Bhaskara does not treat of the other type of indeterminate equation* 
noted above and Mahavlra’s solution of the same is very considerably 
different 8 

There are also other points of relation between the Rakhshll! work 
and the Brahma-sjnhuta-siddhdnta* In Hindu mathematics fractions 


1 Ind Ant , xvn, p 44 

* Brahma sphuta-siddhdnta, xviii 73, 84 

» Balch Ms , folio 27, reoto. The text ib very mutilated Compare also £ 03 

* xvm 60 Cf Hmdu Contribution 

’ Oantta t.ara laOngraha, vi. 284 and vn 112J Vide infra, p fil f n 
tlon “ BI,aJa ’ Mta,PP 123 ' ° Ol0brOoke ’ Hmdu W'o, P- 270, Hindu Cmltibu. 

JnotT“ iPtea ' S,<id " anta ' IVUI - 63i * °o lebr00t °* HmdU Al * tht *' P* 8B «* 

8 Tide tnfra, p 5 f 
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are usually divided mto different classes (jah). One class, which 
is truly of the most geneial class consisting of fractions of all the 
other varieties, is called m the Bakhsh&li woik as jati 

(“ the fifth cla^s ”) 1 This is very significant For according to 
Srldhara, 2 Mahavlra, 3 Skandasena and others, 4 there are six classes 
of fractions and the class lef erred to should be called, according to 
them, Bluic/a-mata (01 “mother-fraction”). Bhaskaia has reduced 
the number of classes of fractions to four 5 It is only Biahmagupta 
who is known to recognise five classes of fiactions 6 Further we do 
not find in his woik any kmd of special technical names, as are 
commonly found in other Hindu treatises on mathematics. Hence, 
in the matter of classification of fractions the Bakhsh&li work is in 
complete agreement with the work of Biahmagupta There is an 
approximate foimula in the BraJiM~sp7iuta~8iddhcinta 9 7 which leads to 

(a + ;r ) 2 = a 2 + £aa;, 

wheie x is very small in comparison with a This can be easily 
connected with the approximate square-root formula given in the 
Bakhsh&li work thus 

\/a 2 + 2ax = a + x 

Putting e for 2ax, this will become 

V' a 2^ p==a -p ® 

2a 

Gamta-sara-samgra/ia 

It has been observed by Kaye that “ in some matters of detail the 
Bakhshfili work moie closely resembles the Gamta-sdra-saihgrala of 
Mahavlia than any other Indian work on mathematics.” 8 This is 
true to a certain extent and indeed to a greater extent than what 
has been noticed by Kaye. For those matters of detail, so far as 
they have been pointed out by him, consist of a few problems 9 and 
a veiy few names of measures 10 Those problems agree only to a 

1 Bakh Ms , folio 52, vorso 2 Tn&atika , pp. 10 12 

8 Gantta-sdra-samgraha, m 54 

4 Referred to by Fnthudakasvaml (800 A D.). Colobrooke, Hindu Algebra 

6 Lil&vati, pp 6 7 0 Brahmasphuta-siddhdnta, xa 8, 9 

7 xlu 02 8 Tiakh Ms , § 119 

• Ibid , p |41, footnote 2 , § 80 j p. 44, footnote 1 , p. 61, footnote 2. 

10 Ibid, pp. 64, 67 
7 
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little extent in kind but differ greatly in other respects. And in tbs 
matter of measures, there aie many times more points of disagreement 
between the two woilts than those of agieemenf . 1 There are, 
however, certain other matters which have not been noticed by Kavc, 
but which will appear to bo strongly m support of his contention. 
Of these the two notable points are (1) the method of reducing 
fractions to the lowest common denominator ami (2) the name 
kalasavarna for fractions which occurs in those two works. 
There are a few motion problems of the same kind in the two 
works. 2 Another noticeable resemblance lies in tlx* religion* tenor 
underlying some of the problems in them.® Hut all these matters 
taken together are not sufficient, I think, to establish a direct, 
definite and near relation between the BakhshAli work am! the 
Gamta-sara-samgrah. Indeed the matters of difference between 
them will heavily outweigh in importance the matters of resemblance. 
The problems, referred to above, are too simple to hi 1 of any piu tienlar 
interest from the mathematical point of view. * On the other 
hand, the two works differ to a very considerable extent 


1 Compare particularly the moasnron of time (p. fin), h'mjfh (j>. HI), money 
(p. 65) and weight (p G 8 ) used m the two works 
/ Oamtasarasamgr aha, n 319 327*. Raich Ms, folios 4 (uioto amt vw). 
5 (recto), 7 (verso), 8 (rooto) and 9 (recto) Compare also 5 83. 

_* For msfcanoe thero aro TOontiona of offerings for Urn purjxMn of worship 
Cpuja) to the different Jir.as m tho Oanita-s&ra.saihfjraha, (jip. 10, 18, 22 , 87, 03 , 
64, 72, eto) and to Siva, Vasudera and othor god* and gmlriiMsns, m aI«i of (lift* 
0 BrShmapas, and others in tho BakliaUiilt work (Polios 21.20. 83, At, «!,»., r]f» 
§ 62 ). Reference to such religious matters’ is znroly noticed ,« m , other Hindu 
work on mathematics. Oomparo Lildva rt, p. 11 (Oolehrooke, Hmiu Alytbm, 

of the type ^ Fr °^ 0m °*’ ,m P or * :anos 18 tho one loading to Indotorminato mjnatioot 

x + y + z^d, 
ax + by + cz^d. 

The pioblems as stated in the two works differ in matters of detail. Again 
TT 7°" 18 B ° mntiUtad * hat 14 *' altao * b (oTay 

Ji 1528) n rr; irrr agro °. {Bakh - Ma - 5 801 

of the kind of those motion ULTof ’ The 

, m Fiuuieras or tlio liakhshali work whioh of mm^kd 

mathematical interest m view of th« m 

, r "ko fact that they roqmro tho fcPfttkAttan of th* 

rr^iTr rritr* » a - - ~ 
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in some matteis involving important mathematical principles. For 
instance the indeterminate quadratic equations of the type 

+ aAc — b~t, 

have been considered in both the works MahSvXta’s solution of the 
same is 1 


r _- {( a +&)(l + q)/2} g — -a + 

4 — 


a*—* & + a 


where a is the excess of a + b over the neaiest even number and where 
the upper or lower sign is to be taken accoidmg as or <Oz. s This 
is obviously very cumbrous and limited. So it diffeis veiy materially 
from the solution given in the Bakhshftli work which is moie elegant 
as well as general The only othei type of equations of the same 
class which occuis m this work, viz , 

xy~~ bx — cy — d=0, 

appears in the Ganita-wa-savrigraha m a specially limited way. 
And the principle underlying the method of solution given m it is 
altogether diflerent. 3 


1 Qanita-s&ra eamgraha, vi, 275J, 

2 If the quantities a, b bo fractional, xt will bo necessary, as has boon pointed 
out by Bangacaiya, to remove the fractional parts before the application of the 
formula. This can bo easily done by multiplying both the equations by the square 
of the least common multiple of the clonommatois of the fractious The result 
obtained with theso modihed values of a, 6, will have then to be divided by that 
square (vide Itangaoarya’s notes on vi, 278 J) 

8 Mahftvlra has the following geometrical proposition for solution To construct 
a roctanglo (or a square) whoso aroa will be numerically ( saMhyaya ) equal to its 
penmetor, side, or diagonal, or a simple part ol any one oi thorn, or to an easy 
combination of two or more of them (vn 112J) Expressed m terms of algebra, 
this proposition will lead to the solution of the mdotormmate oquation 

xy«*'f(x % y) i 

whore / (&, y) is a simple function of known form Mahffivlra’s solution of this 
proposition is as follows Take any othei figure similar to the one required, then 
change its sides m the ratio oi its corresponding element (t e , penmetor, etc ) to 
its area. This will give the sides of the required figure. Divested of its geometri- 
cal garb this solution will stand thus Having obtamod a general solution of the 
equation 

x +y r *~z'* t 
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The method of the "false position ” is undoubtedly om ployed i* 
the two works. But whereas in the Bakhsh&li mathematics Ifc figure* 
as a very notable method of solving problems requiring the determine 
tion of an unknown element, it has been relegated to a very mferio 
position in the mathematics of MahavXra leaving aside, of ecmrse, if ! 
geometrical prototype There are seveial examples m the two work* 
which may be represented by 1 


or 


<:(—+-+• =R=x-T, 

\c x c 2 c n / 

(HX'-i) 

'(‘"cK 1 -*) -C- t ) =« =‘- T '- 


calculate the functions x'y' and / (x\ y') Thon 

x—x’ {X , V l =f (x', y')ly r , 
x y 

V=V , x f( £y' ) =f (x',y')/x> 

The above method of solution is considered by Kayo to ho a kind oi the teg u I 
falsi (BaJch Ms, §§ 72, 134) It plays an important rolo, much more than win 
has been supposed by Kaye, m the mathematics of Mahflvlra Indeed it has boo 
a powerful weapon at his hands m solving certain geometrical probiomB loading I 
indeterminate equations of the second degree (Ganita sara-scvfagutha, vib 122£, 221 J 
of Hindu Contribution) 

Another problem of Mahavira whioh is more directly connected with an oqm 
tion of this type is To find the increase or decrease of two given numbers (a, h 
so that the product of tho resulting numbers will bo oqnal to another given numb* 
(d) (vi 284) This will require the solution of the equation. 

{a±x ){b±y)=d, 

or x y± (bx + ay) + (ab — d ) =0 

This appears as general m form as tho one occurring m tho Bakhslmll work* B i 
the solution given by Mahavira is much cramped, so very considerably difforoi 
from that m the othor works According to him 

g ^ ab d^ab 

d+b u c+1 

Compare also vn 146 

1 BaJch. Ms , § 89 , Ganitasara samgraha, iv 4 
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Similar examples also occur m other works, so there is nothing 
special about them 1 Only noticeable thing in them lies in some 
differences, Foi m the problems of the Gamta-sara-samgraha , we 
always know E or R r (not T or T f ) which repiesents the quantity 
“remaining ” and so is very appropriately called drsya (“ visible v 01 
“ known ”), whereas in the Bakhshfili work, we know only T 01 T r 
which repiesents the quantity “ taken away ” and which is still called 
by the name dvsya There are also other differ ences in matters of 
teiminology, such as hredhi, varga , krama , etc. 


Other Hindu Works 

There is no maiked resemblance of the Bakhshfili woik with any 
other Hindu work on mathematics so as to suspect a possible relation 
It resembles the Lildvatl of Bhaskara m the application of the 
method of false position for solution of certain algebraic equations 
(vide supra p. 36) The two works agiee also in the manner of 
writing groups of fractions (vide infra) and m the similarity of a few 
examples. One pioblem in the Bakhshfi.li work is pioposed for 
solution to sundaii, “the beautiful one ” 2 which will remind one of 
the similar mode of address m the Lilavati The cipher is found to 
have been employed in the two works in the place of an unknown 
quantity. 

The lcsemblanee between the Bakhshfili work and the Tnmtikd 
of Sildhara is still meagre It concerns about (1) the manner of 
writing fractions {infra), (2) method of writing equations, (8) the 
use of the term rupa in connexion with an integer or the integral 
part of a mixed fraction 

There are certain problems in the Bakhshfili work which give 
equations of the type 

*£c x =<Xi, ;>£— ==& 9 , '^>x—x n ~a n 

Equations of the same type are found in the Aryabhatlya and m 
no other Hindu works But Aryabhata's solution is different from 
that given m the Bakhshfili work. 


i TnmhJca , pp. 18 et seq , LUavati, pp. 11 et seq 

4 tfolio 34, recto. 
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Mode of writing fractions . 

In the Bakhsh&li mathematics, the mode of writing fractions it 4 tht* 
same as m the rest of Hindu mathematics Foi instance 1 

15 15 4 i 7 j 

means - , 1 means 4+-~ , and 1 means 7 — 

x 10 2 1 4+ 4 

Kaye wrongly asserts that this mode of writing- fraction* i* 
“ peculiarly ” Arabic, 2 whereas the tiuth is on the contrary that the 
Arabs learned their mode fiom the Hindus. 3 The mode of writing 
groups of fractions is as follows 


1 1 1 

1 

4 3 6 

12 


The expression 


1 + 


is written as* 


till 

moans 7 + - 4* . r -I 

4 8 (> 12 




0 

1 

1 

2 + 

1 

8 

1 

4 + 

1 

5 


or 


1 

1 

2 + 


1 

1 

4 |- 


1 

1 

f> 


and 5 


1 1 
2 4 
1 

2 + 


1 

5 

1 + 
4 

1 + 
2 


1 Batch Ms , folio 12, yerso. 
a Jo urn Asiat Soc Beng HI (1907), pp 502-8, 
a Hindu, Contribution , compare reference givou t heroin 

* Folio 13, recto and yerso, of, folios 10 15, 

s Folio 62, verso 



THE BAKBSHALl MATHEMATICS 


55 


means 

KOO+H ‘-i-X'-i) 

Exactly the same mode of writing groups of fi actions have been 
followed m the works of Siidhara , 1 PuthudakasvamI 2 and Bhaskara . 3 

Age of the Bahhshdlt Worh , 

One of the most difficult problems in the history of Hindu 
mathematics is that of the age of the Bakhshftli work The seholaily 
attempt of the previous writers at fixing the age of the work led, 
we have seen before, to various estimates ranging fiom the early 
centuries of the Chustian era to near about the twelfth century They 
largely based their estimates on the liter ary and palaeographic evidence. 
Our estimate of the age of the Bakhshfili work will be based 
primarily and solely on the Jiistoncal giounds In the absence of 
any othei direct evidence, there can be no bettei guides in that 
respect than the mathematical principles, symbols and terminologies 
employed m the work. On historical arguments the age of the 
Bakhshftli work must be placed neaier the time supposed by Hoernle 
than that by Kaye 

As the present manuscript has been shown to reveal works of 
different strata as regards its character, it will be necessary to define 
clearly what we mean by the Bakhsh&lt work. By it we always 
refer, not to the piesent manuscript, but to the work contained in it. 
The latter has been proved to be a perpetual commentary on an earlier 
treatise containing some mathematical sutras (lule) together with a 
few illustrative examples The present manuscript has further been 
shown to be not the oiiginal of the commentary, but an imperfect 
copy of the same. 

The palaeographic arguments can fix at best the age of the present 
manuscript But who knows how many years or centuries had 
elapsed since the date of the composition of the original Bakhsh&K 
sutras till the time when a commentary on the same was written or 

1 Tniatiha , pp 11 et seg 

* Oolebrooke, Btndw Algebra , p 288 footnote, Compare also p, 15, footnote, 

8 JM&Mtt, pp, 6 et seg. 
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again since the date o£ composition of the BakhsbAlx comment aiy 
till the time when the present copy was made? Evidence based nI i 
the language will give some idea in this respect, but wo shall leave 
its determination to the hands of the experts 

Let ns recall to mind the principal eh ataef eristics of the BukhshAh 
mathematics The most notable ones are the absence of a symbol 
for the unknown and the consequent adoption of the method of 
false position for the solution of algebraic equations. Indeed owing 
to an inefficient system of symbolism, the numerical quantities have 
oftentimes been treated almost like algebraic symbols. It is known 
that the Hindus had a symbol for the unknown as early as the fifth 
eentuiy of the Christian era It is now forgotten how long ago the 
Hindus abandoned the rule of false position, at least aw an 
important instrument of solving algebraic equations. It must he 
before that time. So these facts strongly suggest that the 
Bakhsh&li work should be referred to an age before the fifth century 
A.D 1 Other remarkable things m the BakhshtUi mathematics 
are the application of the approximate square-root formula, the calcula- 
tion of errors of different orders and the process of reconciliation. The 
formula is not found expressly stated in its entirety in any Hindu trea- 
tise on mathematics from the time of Aryabhata (499 A. I).) onwards. 
But it appears to have been well understood in India about, the begin- 
ning of the Christian era and in the few centuries just preceding it* 
The other two methods were probably known about the same time, 
They do not occur in any latei works. So the Bakhshnli work 
was in all probability written about that time. 

There are a few technical terms in the BakhsbfUi work, such a* 
stheipana for “statement,” varga or partfia for “Renew/* dkanta for 
instalment”, pravrlit for “the original amount” and rU}m%m 
which have totally disappeared, whereas there are a few other*, 
e g., sadr&i-karana or harasamga - karana and nyasa-stAapana, which 
can be undoubtedly recognised to be precursors of the corresponding 
terms m the later Hindu mathematics. Hence th© work should be 
referred to a stage in the growth and development of Hindu mathe- 
matics befoie its terminology took the present form. 


1 It is held also by Kaye that the Bakhsh&U work wm written farforit th# 
introduction, of an algebraio symbolism into Hindu mathematics (§ § 72 and 1*14), 
But he erred about the time of the latter. 



THE BAKIISHALi MATHEMATICS 


57 


From the consideration of all those points of much historical 
importance, I am inclined to conclude that the original BakhshMi work 
was composed in the early centuries of the Chustian era. While 
theie is nothing whatever in the woi k incompatible with it, there 
aie, on the contraiy, a few othei facts also to point to this period 
(vide inf) a). 


Onqtn of the BalhshtU Mathematics , 

It has sometimes been suspected if the Bakhslidli mathematics 
is at all of Hindu oiigm This suspicion has originally been cueatod 
by Kaye 1 and has recently found place into an advanced woik on 
the history of mathematics 2 Hence it is necessaiy that the whole 
position should be carefully reviewed and cleared of unjustifiable doubts 
and conjectuies. 

Hoemle holds that the Bakhshali mathematics is entirely of 
Hindu origin 3 4 But he has been seveiely enticised by Kaye for 
this view. And m a spmt of violent opposition he goes so far as to 
remark that “the implication that the woik is wholly Hindu in 
origin has never been proved v 4 Such a demand for a proof of the 
Hindu origin of the Bakhshilli mathematics seems apparently to be 
preposterous For the work has been found on Hindu soil and is 
written in a language of the Hindus It exhibits many characteristics 
ol Hindu mathematics Hence pistice and equity demand that the 
jmma facie conclusion should be that the woik is of Hindu ongin. 


1 This* suspicion was fust expressed by ICa^o m 1907 ITo them not only 
categorically denied the arguments of Horn nlo in favour ot tho mhquity and tho 
Hindu origin of tho Bakhshildi mathouutu a, but also asset tod on tho contiary that 
‘‘every one of theso points seems to mo to oinpliam/o the fact that thin woik ta not* 
ot pmo Indian origin clean or evidence lor a non Indian ongm could not* bo trivon” 
(hum Asmi So< Benq , III (1907), p 002, and also pp f >02-3) This standpoint 
he gave up in 1912 m his hrst exclusive contnbution on the BakhnUtUt woik. He 
then made only a eovoifc hint (Tom n Aviat tor Jiouq , T III, 1912, p 3%). Up 
to this timo ho aoems not to have soon tho original lUkhsh&H manuscript In 
his recent work, an edition ol tho Ms , ho has lost atod Lis suspicion on more than 
one occasion (§{j 43, 41) without any attempt to subst mtiato it, as ho should 
have done 

a Smith, Ihstoiy 1, p 10 1 

* Ind Ant , XWI, p dO and pp 37 H 

4 Batch Mh, ^ 127 

8 
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And that conclusion can be abandoned only when there fortheome 
satisfactory proofs on the contrary and in no case before that. Kaye 
has failed to produce any such evidence. On the other hand as a result 
of scrutiny of the contents of the JBalchshAli work, ho is convinced 
to observe in his latest woik r 

“ But, of course, this evidonoo of western infliionco * does not moan that the 
work was nob Indian It is, indeed, almost as Indian as any other mathematical 
work of the period It contains roferonoo to Hindu mythology mid to Hindu 
deities and the language is Indian of a sort the seupt is an off-shoot of tho elassica 1 
script of northern India , the form of piesontation is Indian; and the material 
of moit of the examples is Indian •* 

To these facts we should add, what are still more important, that 

the scope of topics discussed in the Bakhsliftlt work and the 
methods of their treatment bear a very close relation to those that 

are generally found in other works of undoubted Hindu oiig,* n . Of 
the few signs of western influence noticed by Kaye, two principal 
ones have been shown to be misconceived and others can be, at the 
most adverse view, doubtful eases. And mote than these, Kaye hast 
faded to produce any point of resemblance of the Bakhsliftlt work 
with a non-Indian work. Hence there remains piactu-ally nothing to 
question the Hindu origin of the Bakhshftlt mathematics. Moreover 
if we remember that the Bakhshttli work was written in an age when 
the Arabic civilisation was yet to be born and that, it exhibits no 
tiace of the pnneipal chaiaetenstics of the Greek mathematics, its 
Hindu origin is assuied. 


Noteworthy omtssiontt. 

Before concluding this study of the scope and character of the 
Bakhshfth mathematics, reference should be made to another feature 
of it No study of an early Hindu tmat.se on mathematics can 

he said to be complete without a „ot,ce of it. It „ the omission of 

r , W lndeterm,nate eq-ations of the first degree 
rfstt ^ S °' 0alIed Pelhan E( l’ iat,on ^W-praA T t') and 

favour l \ g r°° {ChE ' ra) - Kuttaia 86ems t0 b « th ° 

e subject of Hindu mathematicians. Attention of all them 

find, § 121 This opinion is hardly consistent with hi* ■iiNDiolon about ihr, 
Hindu origin of the Bakhsliili mathematics P '° i0n ftW ' th ° 

^dereference here is to these instances which wo have on hem, I on pages U 
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from Aryabhata (499 A.D.) onwards was directed to its treatment. 
And one of their greatest achievements m mathematics is the general 
solution of the indeteiminate equations of the first degree, more than 
a thousand years before its rediscovery in Europe by Eulei. The 
Hindu mathematicians were so enamoured of this subject that they 
oftentimes included its tieatment in their treatises on arithmetic, 
although they knew that it really belongs to the domain of algebra 
and is actually retieated there. Anothei most notable feature of the 
classical Hindu treatises of mathematics is the treatment of the so- 
callcd Pelhan Equation. A great part of the algebraic treatises of 
Brahmagupta and Bhaskaia aie devoted to this topic and m this 
raattei they anticipated the labours of Lagrange by obtaining its 
most general solution The treatment of shadow problems are found 
to be included in all the known Hindu treatises of mathematics So 
the absence of any reference to any one of those subjects m the 
Bakhshftli woik is very much noticeable. And it is all the more so 
on account of the fact that there is evidence of considerable skill in 
the treatment of simultaneous linear equations and certain indeter- 
minate equations of the second degree If these omissions have any 
significance on the determination of the time of the Bakashftli mathe- 
matics, they stiongly suggest to a peimd about the beginning of the 
Christian eia But too much attention cannot be paid to these 
omissions, for they may be only appaient The entire sections deal- 
ing with them might have been destroyed, though the possibility of 
such a consequence is not gieat. 

P S — 

Aftm the above has been set into types, 1 have discoveted a 
reriuikable passage in an early Jama canonical work composed about 
»300 B C or still earlier, which is bound to be consuleted very unpoi- 
tant for the history of Hindu mathem itios It will also coiroboiate 
some of the views expiessed by the present writei in the foregoing 
pages It is stated in the passage referred to (St h anting asuf ra, 
Sutra 747) that the topics for discussion in the science of calculation 
(samkhyana) are ten in numbers, viz, panktvma ( " fundamental 
operations ”), vyamhara (" subjects of treatment"), nfjyti (“rope/’ 
meaning " geometry ”), rdh ("heaps,” meaning "mensuration of solid 
bodies*'), kalasavarna ("fractions”), yavat tavat ("as many as,” 
meaning "simple equations ”), varga (" quadratic equations ”), ghana 
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(“ cubic equations”), varga-vaiga (“biquadratic equations and 
mhalpa (“permutations and combinations”). Owing to the deterio- 
ration of the eultuie of mathematics amongst the later Jama 
scholars and other Hindus in general, the commentator Abhayadova- 
sun (1050 AD) has committed several eirois m explaining the 
scope of the above topics, especially of those relating to algebia, 
Still he has rightly hinted that the term yavat tdvat equivalent to 
yadreokfi or vaf/eka, meaning “an aibitiaiy quantity ” (cf kZunika of 
the BakhshAli mathencutics) This will cortoboiate the views ex- 
pressed above about the close relation between these two terms and 
(p. 27/ ) and the knowledge of the rule of supposition much earlier in 
India (p 34) It appears fuither that in the centimes preced- 
ing the Christian era that rule was regarded so important that* the 
section of the science of mathematics devoted to its treatment was 
named after it The exclusive and prominent use of the rule in the 
Bakhsh&li work strongly lea L us to conclude, as before, that the 
work must have been composed near about the surra time It nny 
also be noted that as the tenn i/imt tavat ha^ entered Hindu rn rt he- 
matics before (at least by five centimes) the tnno of Diophantus 
(c 275 AD), the father of Greek algebia, those who have attempt's! 
to connect it with the woik of this latter wnter in tiro hope of show- 
ing the influence of Gieek algebia on Hindu algebia, will have now 
to admit that the balance of evidence is put on Idle eonttaiv so 
that Diophantus might have got inspnation from India 

For further and fuller discussion of the passage, the reader m 
refened to the author's forthcoming papeis on (1) The Jama Scfioot of 
Mathematics m the Bulletin of the Calcutta Mathoin itical Society, 
and (2) Scope and Development of the IhnU GamU in the Indian 
Historical Quarterly. 

Bull Cal Math Soc , Vol XXI, (1920), No 1 
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On the CALCULATION OF THE ZEROS OF LEGENDRE 
POLYNOMIALS 

BY 

Nripendeanath Ghosh 
(' Calcutta Univeisity ) 

1 The object of the present paper is to supply a method of obtain 
approximate values for the zeros of Legendre polynomials of all 
orders. The principle involved in it hinges on the series (4) which 
expresses in a compact foim the loot f of the (w+1 ;th polynomial corres- 
ponding to a known root a of the nth polynomial The process of com- 
puting the roots consists in starting from the known zeros of a particu- 
lar polynomial and budding up zeros of successive polynomials by 
means of the simplified series (13), the values of the quantities n and a 
being properly modified It is believed that this method is new and 
KUf?#estive of further research 

I n connection with the problem of mechanical quadrature Gauss* 
ban given a table containing the zeros of these polynomials up to n = 7 
2. Prom the well known recurrence formula 

(w + 1) P, 41 (r)- (2n + l),fP„(',i) + «P n _ i (^— 0 
it follows that the equation P„ +1 (*)= 0 is equivalent to 


P»M— 


n 

2n + l 


= Q 

x 


(1) 


Let a denote a known root of P n (tf)=0 and f the corresponding root 
of 3? w4 x {*$') =0 just beyond a f 

Now write (1) m the form 

sf»(r)=<j(>(a) + a/(0 . , (2) 

* Werko, III Bd Methodas nova mtegralmm valores por approximation em m- 
ventendi 

4 Tho zeros of P ( x ) are interlaced with those of P . 

* n fl 4* I 7 
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where <£(«•)=?„(*), <£O)=0, 

a= . . w ff T )- P -.W 

2 «+l ’ K ] x ’ 

then m accordance with a formula established m a previous paper* 
> H£) 18 given by means of the series 


^ ( «)+s ±(±- ty- x imm 

r =l r I V(o) da) <£» 

In particular, £ is given by the series 

«+3 ^ M- r 

,=!»•! W (“) da / <£'(» 




(3) 


(4) 


3 I proceed now to express the co-efficient of a r m (3; in a more 
explicit form Let us start from 


1 ( 1 Y -1 {/O)} a:) 

r' \<f>\x) dx ) <f>\x) 

and afterwards put a =a 

Using the recurrence formula 

ie., (x>-l) <t,'(x)=nr{<f>(x)-f(r)} 


we get f(x)=<f>{x) +!_£!_ 
tz«»c 


... (5) 


whence {f(x)} r =z 


r 


m — o 


( 6 ) 


where we write for L_fl and ^ for , , . 

WiC ' 


* This Bulletin, Yol. XIX, pp. 21-24, 
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Substituting the value of {f(o)} r in (5), we can express it in the 
form 


JL 
r 1 

( 4 )'“ 

2 (»)<#>’ -m F. 

m= o 


(7) 

where F m 

stands for 

*■7 1 -“ ) 

9 \ nt J 

m 


Remembering that <£(&) = 0, it is easy to 

see that the value 

of ( A ^ 

\ d<f> J 

I 

■e- 

-t 

1 

2 

m when c«=a 





is 0 if m=0, 


... (*) 



(r— 1) » F x (a) if m=l 


... (ll) 

\m-1J 

| (r-m) « ( 

' 1 d 

m>l but <r 

... (til) 


Hence an alternative form for the co-elHcient of a r in (3) 


is 2 — 

m=l m 




( 8 ) 


4 Let us now consider 


where F m («)=i (L 



As f(a) is at our choice a typical term m F m (a) may be taken 
to be 


aM (i _a ) V WW ”" 1 
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where /x, v are arbitrary constants 

D " ote ( f (.) a r v ( J- - )' ff'wi- 1 T «„- 


then as 


(h)i WM*" 1 

= (f(a)T a ) [ ^ _1 (h~ a ) V 

* ( ^ + 1 )] ^W”' 2 + ( m - 1 )“' t ( i -a y *"(a)J 

we have 

=^ T m-l ,„_ 2> 

+ (m — 1) S, 

* (J--*)' {♦'(*)}— 8 ♦''(*). *-« 

Now 1 ( J 


therefore S consists of two parts one of which is 
\,n v —i the other is 


_,l(,l+1) ( i ) a!M ~ I ( \ ~ x y- *(*), when 

* e , -n(»+l)( w — 2) T „ 

m ~2, /X— '1, v — l 

Hence we have the formula 

T «i,^ -'‘Vu., i rvT M .i i/1 _ v _ I +{2(m-l)- v } 

y~i ~ n(n + 1) (m — l)(m — 2)T 


(9; 
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connecting consecutive T-functions 

5. It is easily inferred that T is expicssible m the form 

m, fif v 


flf .-2( W -l)^L_ a y-(„,-i) ^P 0 +P 1 a 2 + P2 a4 + + Pte 2, + 

+ p„ i _ 1 a 2 (™-l) j 

where p 0 , p x , p 2 aie rational integral functions of /x, v 

Eeprcsontmg T m _ lt /4> „ and T m + 1> „ respectively m the analo- 

gous forms 

+ ffm-2 a 2(m ~ 2) } 

and ai“ -2w ^ i--a y~ m {/„ + / 1 a 2 + j 2 + + r m a 2 ”*} 

it can be shown by applying (0) that 
r,=p{P,(p- 1. v)-p,_i (/* — 3, v)}-v{p,(/i-2, v-l)+p, v-1)} 
+ 2wp J _ 1 (/i, v-l)-»(»H-l)w(m-l){< 7 , _ t (/x — 1 , v-1) 

-2,- 2 (p-l, v-1)} (10) 


Tho formula (0) or (10) enables us to calculato the T-functions 
successively. 

6 Lot us now take tho sonos (4) The co-ofliciont of a r m this 
series for £ is by (8) 


r 



m»l 




(ii) 
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As the zeros of Legendre polynomials lie symmetrically m the 
interval (—1, 1) it is convenient to use the formula for £ 2 which may 
be written 


o r 9 


a w + ;> a 7 

r = ] rn=l n m m I 


( 1-5 ) T,n > i.» • ( 12 ) 


Now 


T i,i, 


T 2 , 1 , 2 a_1 ( 1 + a2 )> 

•^3,1 3 = fl-3 — a^ (6— 2(n. 2 + n- + ])a 2 + 2jt()i + l)a' 1 }, 

T 4 , l , 4 =- a ~ 3 (^" a ) i 60 " 12 ( 2« 2 + 2 n + 5 ) a 2 

+ 4(5n 2 + 5n. + 2)a 4 + 4rc(n + l)a 6 } 

and so on 

The simplest formula for is ultimately 

a 2 + 2 ( 1 ~ a2 ) 4 - (Ar tt 2 ) { (2» ■ - l)a 2 - 1 } 

2w+l a 2 (2?H-l) 2 

+ 2(1— a 2 ){(4w 2 — 2n)a 4 — ( n 2 + 4n + l) a 2 + 3} 
3a 4 (2n + l) 3 


+ 


(1— a 2 ) 
3a 6 (2n + l) 4 


{(12» 3 - 4n. 2 —n)a 6 — ( 6n 3 + 20w 2 + lira + 2)a 4 


+ (6n 2 + 24n + 15)a 2 — 15} 


roots Tv L a , T failS Hen0e ^ smaller 

roots of P (x) =0 will remain undetermined These root, can, however, be 

obtmaed by having recourse to known elementary relations existing among the 
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7. When n is large the series (12) or (13) admits of further 
simplification This can be effected by means of the following two 
properties of the T-functions 


(i) 


T 2i-H l/t ,v _(-l)*(2Z)! 
n 2, + 1 n 


•^ 1 , n —l, v—l 



( 2 ) 


T 

n 21 



l being a positive integer 


The above results follow from (9) 

Now neglecting terms of the order the co-efficient of <x ? m 

n z 

(12) may be expressed as 


2 

n 



(~ 1) 5 


T 

1, 1 ~s, 1 + s 
(2s -hi) 


(14) 


where v = 


r — 1 
2 


if r is odd and 


r — 2 
2 


if r is even 


Substituting for T-^ ^ mm , s l + s (14) may bo written 

o v / i -i \ (1 t * 

» ( a. ) (_1) a^TlT which rcadll y becomes 

- em 2 0 g (-1)* ( ’ ^ ian 2 *0 

nr \ 2 4 1 \) 


_ sin 2 8 Bin rO 

or — 

nr cos r 6 

if wo put cos 0 for a. 

Hence when n is large (13) reduces to 

cos 2 *+ 8 i2L^ | 

n r=i r 2’cos r 0 


(15) 


( 16 ) 


where coa $ is a root of P„(aj) = 0, 
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It is to be observed that the formula (L3) and (16) hold good for 
unrestricted values of n ^ - 

My best thanks are due to Prof Ganesh Prasad for the great in- 
terest he has taken m the preparation of this paper 
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On the Summability (C, 1) of Legendre Series of a 

FUNCTION AT A POINT WHERE THE FUNCTION HAS A 
DISCONTINUITY OF THE SECOND KIND 


BY 

H. P Banerjea 


( University of Calcutta) 

The question o£ the summability (0, 1) of the Legendre series 
corresponding to a given function was fust discussed by A. Haar. * 
The problem was subsequently taken up by S. Chapman** and T. H. 
Qronwall t The latter established the theorem • 

“ The arithmetic mean of the first order of Laplace’s series of an 
absolutely mtegrable function, on the whole sphere, converges as n 
tends to infinity, at each point of continuity to the functional value ” 
A shorter proof of the theoiem was given by F, Lukfies. tl A 
more elegant pioof of the same theorem was given by L. Fejer *** 
Towards the end of his paper, Fejer gives the following sufficient 
condition • 

“The absolutely mtegrable function f (0, p) on the sphere has at 
the north pole the absolute mean value zeio, if 


1 

K, 



*A Haar— “0 bor die Legendrosoho Roiho" (Rcnthconh del Circ Mat. d% 
Palermo, fcomo 32, 1911) 

** 8 Chapman — “ On the gonoral theory of summability with applications to 
Fourier's and other sorios ” (Quarto Zj/ Journal of Pure and Applied Mathematics 
W>1 43, 1912) 

tr B Qronwall — “ Ubor dio Laplacoscho Reiho ” (Mathcmatische Annalen, 
Yol 74, 1913). 

tt F LuMcs — " Ober die Laplaoesoho Roiho” (Mathematische Zeitschnft, Bd. 44, 
1922) 

*** L Fej ir — “ Ubor die SummabilitSt der Laplaoesohe Reihe duroh anth- 
raetisohe Mifctel ” (Mathematische Zeitachnft, Bd, 24, 1926) 
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where the integration runs on the spherical cup, which is limited by 
the circle of sphencal radius 6 = e (and contains the North pole and 

where K e = 4 7 r sm 2 ^ denotes the surface content of this spherical 

<v 

cup), 1 ’ 

It is now found that the theorem is not as general as was 
supposed by Fejer, Indeed, it does not hold for every function having 
a discontinuity of the second kind Although the illustrative example 
that he has taken has a discontinuity of the second kind, the function 
considered becomes zero at both the limits after integration with 
respect to 

In the present paper, two examples are given, in which the 
functions have discontinuities of the second kind at the point consi- 
dered, but they do not vanish at the limits after integration with 
respect to 0 . It has been shown that in these two cases, Fej&r’s 
sufficient conditions are not satisfied, although the corresponding 
Legendie series are summable (C, 1 ). For facilitating the proof, a 
number of lemmas have been established in Art. 1. In Art. 2 , the 
general problem has been formulated , m Art, 3, the first example is 
treated m which the function is bounded and mtegrable. In Art. 4, 
a similar function has been taken, having an infinite discontinuity of 
the second kind at the origin, although the function is absolutely 
mtegrable. 

My best thanks are due to Professor G. Prasad for encourage- 
ment and interest 


1 Lemma 1 —If 


then 


»(*) = 



dt, 


(1 - cos 6) n ~ m+ 1 


2 

9 

n 


for all values of 6, including 6 = 0 , if n + 1 > m, 
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Integrating by parts, we have 

®{6) = - - (1-cos <9) n-m + i 


sin 


(i - cos oy 


n — m + 


n 


S i -cos e 


b n ~ m sin ~db 
c 


t.e 


m 

— 1 rtnct /) \W-»* C 1 _l. 1 ^ 

^ - (1 - cos e ) £1+1 sm (1 _ C03 e) »| j 

1 - cos 0 


so that 


m 


1 — cos 0 
when 6 = 0, if n > m 
Moreover, 


- 2 (i - cos o y 

a n 


is a continuous function of 0, being equal to zero, 


£j0) L 

(1-cos 


2 

w 1 


for all values of 0 , including 0 = 0 

Cok 1 If m = 0, n = l, 

»1 — cos 0 

<I>(0) — \ cos- dt 
0 


and 


S I -cos V 

cos-* 

0 

I <;2 (1— cos 0) 

1 — COS 0 I 


Further, 


<[>(g) 

(1 — cos 0) 2 


£2, 


for all values of 6, including 6=0. 
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Cor 2 If n— m=l, 






(1-cos 0)2 I ^ n 
for all values of 0, including 0=0 

If si ^ (cos 0) denote the first arithmetic mean of the series 

oo 

(2m + 1) (cos 0) and 


m=0 


sl 1} (cos 0) = -S U) (° os 


n + 1 


then 


B?> (cos 0) 


0 


« 0 

sm J n -- 


sm 2 (rn-l). 

=P 0 (cos 6) ~ +Pj (cos tf) 1| + 


smS i 


sm^ 


+ P r (cos 0) 


sm 2 (w — r + 1) 


6 - 2 ^ 

'S SIn o' 

T 6 + + p » ( cos *) — r • 

sm 2 - sm 2 ^ 

2 


2 


This is Fe]6r 9 s result.* 


Lemma 2 — If 


”F (0) 


1 — cos 0 I ^ ^ cos &)i for all values of 0, 
including 0=0, A being a finite constant , 

i“ iTfl I F <« S -' (»■ « I < A 


if 0 is sufficiently small . 
We have, 


F W. S? (<JO80) 


# Xoc. ctt p 273. 
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2 1 — Jos 0 ^ cos ^ sm2 ( n, + l)'^-+P] (cos#) sm 2 n-^-+ . 

+P„ (cos 0) sm 2 ~ 

2t 

< 2 i'-COS 0 | P ° ^ C0S ^ I + I **1 ( C0S G ) I + 

+ I P« (cos 0) | | 


< 2 (w + 1) 


1 - cos 9 


since | P„ (cos 6) | <; 1, for all values of n and 9 
Therefore, 


hm — L P (9) s.™ (cos 6) < hm i- (” + 1 ) JLM 

n~ oc n ~l~ 1 n=oo W + 1 1 — COS 6 


< 2 A (1 — cos 0) < 4 A sm 2 - < A 6 2 , 

2i 

if 6 be sufficiently small, and this limit is zero when (9=0 


Lemma 3 — If 


(1— cos 6) 


2 <,&> for all value 8 of 9, including 


0 = 0, A being a finite constant, 


hm - F (0) cot S< IJ (cos 6) < 2 A 6, 

■ftsss oo ftTl Z 


if 6 is sufficiently small , 
We have 


F (0) cot 4 Si l) (cos 0) 

A 


* 2 iUrt cot i p ° (cos * } sin2 {n+1) l 


+ P X (cos e) sm 2 n + . . +P n (cos 6) sin 2 — 
A 2 
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< 2 


IM 


(1-C08 0) 2 


I sin 9 | ^ | P 0 (cos 9) | + | Pj (cos 0) | + 

+ | 1>„ (coa 6 | | 


< 2 A | sin 6 | (n + 1) 

< 2 (n + 1) A 0, if 0 be sufficiently small 
Hence 

1 


hm 

n= oo n + 1 


F (9) cot— s? ) (cos 6) 

a 


<, 2 A 6 


Lemma 4. — If ■ — - 
1 (l-cos0) 2 


<, A, for all values of 0, including 
9=0, A being, a finite constant, 

Inn I F ( -- ) - am 6$ d l± sm 2 ^ ^ S m 2 (n - 1) f + 

n=oo n + 1 \ 1— cos 9 (da: 2 da: ' 2 



< C'0, i/ 0 is sufficiently small, O' being another constant 


We know that 


fjfPg 4. ^F« + l _ W + 1 /p r, , 

dx dx 1-x ^ 


Therefore, 


( ! 


® + f? + + ®s = J. + , JPJ.-V 

\dx dx dx * dx ) 

= L^ [ (P ° “ Pl) + 2 (P 1 - p 2) + 3 ( p 2 -Ps) + •• + n(P„_ l — P„)^ 
“l^[ P0 + Pl + P2+ •• + P «-l“ wP n| ■ 
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Further, 


<ZP n 
dx 


_ ^P« __ _ n C igP), P»— i p 7 
1— x 1 — x}, 1 + a: ”) 


Therefore 


ff-^ s T^l |P - l + |P " ,l+21 * 1 |P *'l 


2 n 

T-«* 


Hence, 


dP 1 , dP 2 d P„ 

jT + -J--- + i “7“ 

dx dx dx 


2(1 


I Po I + I Pi I +•• + I P«-i I | 


JP m _ wP„ 


dx l — x 


“ , + ^L, s JS-,,1.50. 


^ 2(1 -a?) 1-a; 3 2(1-®) 

Since, by Hardy's form of Abel's Lemma, 

^sm 2 + d | 3 -sm 2 (»-l) -J + ■ + 4 


dx 

hence, 


da; 


dP 

da? 


L + ^ 2 - + + w 1 , C being a constant 

) CLX (XX I 


m 

1 - COS0 


'{ 


dFj 

dx 


sin# 3 :i ^sm 2 n~ 1) ~ + . 


(9 

2 


dP n » 6» 

• 5? ““ 2 


}l 
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m 

1 - COS 


m 

1— cos 6 


l{ 


dPi <£P. 

dx dx 


i+^+ +i? 


?}| 


sm 6 | 


2 (1 — cos0) 


<0 I(tSfI i“*i f 

<|C And, if 6 is sufficiently small. 
Therefore 




+ f L “” S ll | 


< 0 C', if 6 is sufficiently small 
Lemma 5 — 

(m + 1) sm (m-hl)0P o + m sin m # p ] + sm 0 P 


(m + 1) (m + 2) 


f 1) (m+2) f ^ ^ 

3 sm $ | P ^( C0S $ -Pm+ 2 (cos 0) 1 


We know that 


l 

(1— 2ra:+r 2 ) “ = P o(«) +rP i( a! ) +r 2 P 2 (x) + . .+r n P n (x) + . 


2 J,m P m (*) 

m= 0 


(1— 2ra+r 2 )$ w f 0 rW 1 


(1 -2w+ r 2 )* 4 TO ?o rW —felr* 


• ( 3 ) 
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Further, we have, 

L0 


e 


(1 — ?e 10 ) 2 


(m + X)i w e £ ( w + W^ 


( 4 ) 


Multiplying (1) and (4) and arranging the terms as Cauchy- 
product, we have, 


t $\ 2 *“ ^ rWl U m , 


(l-2ra; + r 2 )^ (1 — m=0 

where 

U m =(» + l)a ,( * + 1), P 0 («) + m C tme P 1 (x)+ . +o ‘ 9 P m (x) 
But the left-hand side of (5) 

id/* id r, 52 —.{0 

6 (1 - 16 ) 6 —2r + i e 

= "rr - - 7 " ~ r) 7 r~> (where x = cos 0) 

(1— 2?cc + r 2 ) <i (1— 2raj + r 2 ) i 


2r + r 2 ^ ^ oo 


m=0 

Hence equation (5) becomes 


r ”' ^ 2 - from (3) 


e 10 — 2r + r 2 e 10 <» 


, CZ S P; 


,'/n ^ •*" 2 


m =0 


~w 




m -=0 


( 5 ) 


(6) 


6 


Equating the coefficients, of r m on both sidos, we get, 

10 + 6 -‘ • ~^a- = 3U„ 

dx 2 dx 2 dxt 2 


.. (7) 


Now, equating the imaginary parts on both sides, we have 

sin# / d 2 P m+2 _ d 2 P m \ 

3 V dx 2 dx 2 ) 


=(m + 1) sin (m + 1)# P 0 + ra sin m6 ?! + ... 4- sin #P m 


( 8 ) 
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But, from the differential equations satisfied by P m and P m+2 , 
we get, 


(l-* 2 )-[ 


d 2 P, 


m+2 


dx 2 


d 2 P m 

dx 2 


} 


=2x { ^ } - 1 (« ■ + 2) (m + 3)P m+ s + in (m + 1)P„, 

=2* (2m + 3)P m+ ! — (m +2) (m + 3)P m+ 2 + m(m + l)P ni 

(by ChnstoSel’s formula) 

=2(m + 2)P w+2 +2 (m + l)P m -(rn + 2)(m + 3)P„ t+2 + m(m + l)P m 
=(m + l)(m + 2)(P ffl — P m+2 ) 

Hence 

sm f ^ 2 Pm+ 2 _ d 2 P m ^ _ (m + 1) (m + 2) r 


3 V dx 2 


dx 2 


3 sin 0 




Therefore, equation (8) becomes, 

(m + 1) (m + 2) , p 

3 sin 0 ^ m m+2 ^ 


—(m+1) sin (m + l)0 P 0 +m sin m0 P, + +sm 6 P m 
Lemma 6 —If be a summable function m the interval 

(cos e, 1), e 6em.gr arbitranly small, bat fixed, then 

n=oo STlj iSl { (ra + 1 ) sm (w + 1 )^o + « sm n0 P x 
0 

+. . + sin0P„j d6 <« 

We have, by Lemma 5, 

(» + l) sin(n + l)0P o +n sm n6 p i+ -+am e 

_ (a + l)(w + 2 ) JT> , . ^ 

3 sm 0 {Pn(c°s 0)-P m+2 (cos 0)}, 
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hence, if P(0) F x (cos 0), 


lim 

71=00 ft + 1 


u 


m 


-cos 0 


{(n + 1) sin (w + l)0 P 0 -hn sin P x 


+ , +sm 0 P,J dO 


= hm **(*) P w (ooBg)-P wfa (cos 6) 

n 00 3 J 1 — cos 0 sm 0 

0 


(Sf* raW-l-P.,,!.))* 

COS € 

Now, 

(3- 

©as e 


ml (, + a) ^ p ,. S (z)= 0 (V»), 

oca e 

therefore, 



0) 


hm n + 2 

n=«> ' o 


S' 


*.(*) 

tr-«) a 


COS <F 


(lx 
1 + x 


{ P « (*&) P « f 2 


(«)} 


, lwn 2 

‘n-oo o’ 



dx 
1 +# 


P« (®) 


But 


la 


lim 

n=oo 


1 I f 

3 |j u-jo* 

CO 0 * 


dx 

H-£C 
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<2 f I _JM 
8 3 I (1-*)* 

cose 

o 


1 

1 + x 


dx 


where M x is a finite quantity since the function is summable in the 
interval. Hence, 


t - 4M, 

I S sm 


2 S 
2 


^ <e if e is chosen 


sufficiently small 


Therefore the left-hand side in equation (9) is less than e 

2. The expansion of any arbitrary function f (x) m a Legendre 
series is given by 

f(x) =a 0 P 0 (x) +a 1 P 1 (x) +a 2 P 2 («) + . + a n P w (x) + , 

where 


a n = 


2n + l 


-i 


m Vn(t)dt, 


provided the expansion, is valid 
Then 


and 


^ y 0 + ^ ^ /(*) P»(t) P„(x)df 

-1 

?(1) = i «?0 (2n + 1) ^ fWnftdt. 


The arithmetic mean 

n 

5 

m=Q 


of the first (» + l) terms of the series 



ON THE STJMMABILITY (0,1) OF LEGENDRE SERIES 


81 


that is, 


\ /(f).(2m + l)P m (f) dt 

m- 0 ) 


is, where S„^(i) has the same meaning as m § 1, 


f(t) S M(t) dt 


r 

2 » +i j 


mi>o( o 


sm 2 (n + l)^ 


+ Pi(*) 


2 6 
sm 2 ~ 


4*. +P W (t) ( si nOdt, wheic £ = cos 0 . 

cnn 2^ ) 


It will be readily seen that the consideration of the limit of this 
integral reduces to the consideration of the limit of 


j_ r 

,+i ) 


/(cos 0) sin 0 clO {P o (cor 0) 


sin 2 (w + l) 


Pi (cos 0 ) 


+ ... + P„(cos ff) 


sin^ 2 


where e is arbitrarily small, but fixed. 
Integrating by parts, and denoting 


/(cos 0) sm 6 cl9 t 
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by F (6), we have the given integral 

€ 

F(tf) S H (1) (cos 6) ] 
0 



+ ~~ ^ m cot ~ S„ (1) (cos ff) dO 
0 



f 


m 

1-cos 0 


sin 0 dO 




3 


, dd? Q Q 

sm 2 

dx 


(w — 1)0 
2 



j {fa + l)sm(n + l)0P o (cosd) 


+ n sm n$'P 1 (cos 6) + + P n sin 6}d6. 

For our first example, wo put 


/ (cos 6) = cos- 


1— cos (9 


( 10 ) 


so that F(0) $>(0) m corollary 1 of Lemma I. Corresponding 
to this function equation (10) gives us four terms on the right 
hand side. Of these, the first term is, on account of Lemma 2, 
less m absolute value than 2e 2 ; the second term is less in absolute 
value than 4e, by Lemma 3 ; the third term is less m absolute 
value than C'e, by Lemma 4 ; and the last is loss in absolute value 
than Me 2 , where M is a finite constant by Lomma C. Thus the 
limiting value of the arithmetic mean of the first (» + l) terms of 

the series corresponding to the function cos — — can be 

1-cos 6 

made as small as we like by choosing «, sufficiently small and then 
making n infinite. Hence at the origin, the Legendre series corres 

ponding to cos summable (C, 1), the sum being zero. 
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Nevertheless, Fear’s condition that 


lim 
6 = 0 




1 

cos 0 


do 


(where K e =4rr sm 2 , and do— sin 0 dO d<p) 


lim 
3 € “*• 0 


S 2ir r*e 

d<p V I COS :: — - a I 

1 i ' 1-cob e 

J 


sm 9 (19 


.lim 1 
‘*“0 1 - 


COS e 


0 0 


S' 


I COS 


1 — cos 0 


sm 0 dO 


lim 1 


e *° 1 —cos e 


s 


1 — COS e 


| cos ^ j dt. 


should be equal to zero, is not satisfied, sinco it is known* that 


S' 


lim i \ | cos 4 | dt= — 
s=0 a i i * 


4. For the second example, we take 


/ (cos 6) = i- —y cos r , 

(1 — cos^)‘^ (1 — cos 0) a 

so that f (cos 0) has an infinite discontinuity of the second kind at 
0^=0, although it is absolutely mtegrablo In this case, FJ0) = <$>(0) 
m Corollary 2 of Lemma 1, m being equal to \ and n equal to $. As 


* G Prasad — Recent researches m the Theory of Fourier Series (Calcutta, 1928) 
pp* 64-67. 
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in the first example, we can prove that the four terms on the right 
hand side of equation (10), can each bo made as small as we like by 
choosing e, sufficiently small and making n infinite. Thus, m this 
case too, the limiting value of the arithm etic mean of the Logondre 
series corresponding to 


— 

(1— COS0) 2 (1 — cos 

at the origin can be made as small as we like, by suitably choosing 
e, and consequently the Legendre series corresponding to this func- 
tion is summable (0, 1) at the origin, tins sum being also zero 

Fe]ir f s condition in this case, that 




1 

cos 

(1-cos 6 ) 2 



do 


lim 1 
6=0 1-cos e 



dt, 


should be equal to zero, is also not satisfied, since it is known* 
that 


is infinite 


hm i r 

2=0 ^ J 

o 




dt, 


0 Prasad — On the failure of Lebesgue’s criterion for the summabiKty 
(0, 1) of the Fourier Series of a funotion at a point where the function has a discon- 
tinuity of the second kind” ( Bulletin oj the Calcutta Mathematical Society, Vol XIX, 
1928, p 8) 

Bull Cal. Math. Soo , Vol XXI, No 1 (1929) 
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On a type of modular relation 

BX 

S. C. Mitra 

The object of the present paper is to establish several identities 
relating to theta functions It is believed that the lesults obtainod by 
me are new 

1 Let 


g T°o (l + g ») (1 + g 8 ) (l + 9 i a ) (1 + g 18 ) ... ■ m 

g* (l + g*)(l + 9*)(l + g 1 *) (1 + 7 1 *) "■ ' 

The result of replacing q by q v in (1) will be written while a 
dash ’attached to /a will denote a 'like function of the complementary 
modulus q' 

7 From the formula * 


-/»!, (*, g)= 2 e 


, W V 7T 7 


where e nW = q ) we have 



2e 


10 ; 


2 e 


m thr f 
W 


i n+ 1 V 
v IQ/ 




Let us write u % 


for I s 



q 


^ where 


( 2 ) 


w=0, 1, 2, 3, 4 and 5 

* Tannery efc Molk, Fonetions Elliptiques, p 204, 



86 


S. C, MITRA 


We "have the formula 

l 3 ( p + 2/ + ^)l3(0l3(2/) I ^(0+ I i( aj + 2/ + 7 ) I 4 f (^)I^(2/) l4 '( 2? ^ 

=1. 0)T 3 (t + yjI 3 (y+s)I<j(z4- r) + T 4! (0jI 4 (a3*f2/j l 4 (2/ + 2)l4, 

(*+0 

Let ns put x=y = ^ % z=~. 

We have 

W l^S W 4 2 + W l 2w 2 W 4 f = W a^3^G+^0^2 W 3 a 


Agairt when we put 


87 r Si r 

"5 


■we get 

w 1 ft a 2 u 3 +u 2 u 3 *u 4l =zi 1 n 4l *u 5 +u Q u 1 * < ?t 4t 
IJi om a known formula for I 4 (2 1 , q 2 ), we have 


fro 

ib') 


= l i± 

U« U 2 


( 3 ) 


(4) 


( 3 ) 


But =/x' and 1 2) gives — = /x'/x' x . 


and 


Therefore from (4) and (5) we get 

tt (i+/Vi)(WA) 

^0 = _ a 2 

w a Mvll — ) 

“a A'-V'i (1— /t'V'i ) 

Again let ns put x=?L , y=®J and a=|5 m (3) 

2 M 1 M a « 3 % i =t( 0 M 5 (t^W, +«„«*) 


( 0 ) 

( 7 ) 


we get 


( 8 ) 
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Let v stand for the expression 

it s, ±r£ ) i}rjl£ 1 ? 12 ) (i— < 7 1B V 

1 


Let 


(** 1 \ 

‘V 10 1 ) 


§(-i»" <■ 


_6j| 

w 


(■* A)’ 


V 10’ 9 ' W 

From a well-known formula for g a ) we have 




10 

In the identity 

I s (°) I i(0)Ij(» / +-c)I a (v— 0 ) 

= I s (c)I t (c)I 1 (v;I a (r)+I 1 (04(0Iatm^ I ')» 

let us put i=^, v= jq Wo get 
u u n e =u x n t v ' + m u m 8 vV, 
Therefore fiom (8) and (11) wo have 

v'+vV, . 

j S 


or 


V/A 

i+?^ =/ *i •'-‘•"i 


Now p/= — , • 

v 


( 9 ) 


( 10 ) 


( 11 ) 


... ( 12 ) 


. . ( 13 ) 
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After simplification we get 

2vV i =(v'+vV)( I / s 2 +vV l ) 

2 2 S 

Suppressing dashes and changing v x and v into v and v, respectively, 
we get the identity 

2v 4 v=(v 1 +v’)W+v,v) ... (A) 

Eamanujan * has proved that the relation between v and v a is 

v*+w,»+v»v,»-r a =0 ... ( i4) 

Eliminating r 3 between (14) and (A) we get the biquadratic relation 
(*{*+****)-(*** +v , ) + vfv , -6y t *v* 


+ 10r„ 5 i/»— 5v/v a +v 4 v=0 .. (B) 

result which, I believe, has not been given by any previous writer. 

2 Let 



We have. the formula 


213(20;, 9*) =I 3 (a:, 9) + I i ( x , 9) 

2I a (2x,q*)=I t (z, q ) _ (15 

In the to. these tw. famuto, let ns pnt . Md 
sion. We have 


•*)_>.(») + I.05) 


( 16 ) 


Proc. L.M.S , Vol. XIX, Series 2 



ON A TYPE OF MODULAR RELATION 

whence we get 

pO‘W!/‘';-i)/o.'Wi) 

=«'V a -v'’)/(v' J v'J-vV]) 

Ftom the second formula, wo get 


89 


(17) 



f 47T 

,TD> 

) «„ —Mg 

M 

,10’ 2 

Mj— « 4 , 


j/ , j/ zz 

v\(y'-v\y) 

2 


v r i — 

4 8 

v'ij^y— v\) 


Substituting for y from (17), we get 

v'^v'.i^-vV - vV“) 


-1 4- /ft,/ 


(2/jvV, —v'v\v'y — v' i -v' x ) 

2 8 2 8 

Suppressing dashes and changing v„ v x , v, and v into v, v ix v t and v 8 
respectively, w# get the relation K * J 

2 >' l0 ' / 4 >'(l-' , »v a ) = (v 1 „ , +i/ K v 4 )(v tl -r,v a ) ... (0) 

From (A) and (C), we get 

(v 4 -v s v*)=r(l-v s r 2 )(v 8 + i'., a ) . (D) 

3 We have the formalin 

I (2 , sM J»‘W+ T, *(,,.) 

) 21,(0, q a J~ 

Putting and ^ m succession, wo have from tho former of 


these twe identities 

/ 4i7T 


*•(&••)■ i -*(b 5 + i *-(S) 


( 10 ) 
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whence we get 

v- V V V J) 

y vV(v' s V r v^-) • 

From the second identity we get 

y “V ( ✓/+ vfcjTp • 

Therefore we have 

2 ,V V'i - V ' 3 ) =(v' J v--+,V)(v'-v', v',») 

Suppressing dashes and changing v x v 1 into v and v a respectively, 
we get the identity 

2 v 8 ^ a Ki/ a ~i/^ (E) 

My best thanks are due to Dr &anesh Prasad who kindly suggest- 
ed the investigation to me and took great interest in the preparation of 
the paper. 

Bull Cal Math. Soc , Vol XXI, No 2, rl929) 
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Table of complex multiplication moduli 


BY 


-S. C. Mii’ea. 


A =235 

t = 4kk' 


<»-(7+4 ^5)^ + (103 + 46 ^5) 7-1=0 
A=355 


a 



a® +Aa+B=0, 


A= — (99437516760419 419 10 4000 

+ 44469809398014498092160 V5) 
B =(53498193025276219441152000 

+ 23925119523912707604481 )()()() VS) 

A =203 



16s 18 —16s 1 1 +32«' 56s* — 8s 7 +40s« +28s“-32s* 

— 16s 8 + 26s* — 10s +1=0 


A=179 
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32s 1 5 -32s 1 9 + 16s 1 s + 96s 1 1 + 176s 1 0 + 160s° +64s 8 — 8s 1 — 1 6.9 0 
+32s 5 + 76s 1 + 62s 9 +20s 3 -l=0 
A =118 

y= v-s 

y 3 -25407 s +93927-9280=0 
A =139 

8s 8 +8s 8 + 16s 7 +28s< i + 16s 5 + 4s* + 10s 9 + 10s 2 + 2s-l=0 
A =155 

16s 1 3 + 80s 1 1 + 160s 1 0 + 176s 8 + 136s 8 + 22s 7 - Ss a - 52s 9 - 4 Q > * 
-20s 9 -10s s -2s + l=0 
Bull Cal Math Soc , Yol XXI, No 2 (1929). 
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On sound waves due to prescribed vibrations 

OP A CYLINDRICAL SURFACE IN THE PRESENCE 
OF A RIGID AND FIXED CYLINDRICAL OBSTACLE 

Tart II. 

BY 

Hristitkesii Sircar 
(University of Dacca ) 

In a previous communication,* under the samo title, we have dis 
cussed sound-waves duo to prescribed vibrations on tlie surface of a 
right circular cylinder m the presence of another right circular cylinder 
which is rigid and fixed. In the present paper I have attempted to 
consider sound-waves due to prescribed vibration on the surface of a 
right circular cylinder in the presence of a ugid and fixed elliptic 
cylinder of small eccentricity The success depends upon the trans- 
formation-theorems employed m the paper already cited, and upon 
the theory, as developed by H. Poincare, f Helge Von Koch and others, 
of solving linear equations, when the unknown quantities as well as the 
equations to determine them are infinite m number. 


I. 

Let a x denote the radius of the right circular cylinder and a and 6, 
the semi-axes of the fixed elliptic cylinder. Let D denote the distance 
between their axes which wo suppose to be parallel If we suppose that 
the two cylinders are infinitely long and the prescribed vibration is 
transverse to the axis of the vibrating cylinder, the problem would be a 
two-dimensional one 


* N M. Basu and II. Sircar, Bull Cal Math, Soc, 9 Vol. XVIII, No* 2. 
f Kemarques sur l’emploi de la m^thode precdndento,— Bulletin de la SootSU 
Mathematique de France , T 18, p. 19. Sar les determinants d’ordre mfim— Bulle- 
tin de la Socittd Mathematique de France , T t 14, p. 77. Acta Mathematical VqU. 
15 and 16. 
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9i 

i 


The equation of the ellipse ^-+^=1, can be written as 
r=a£l — e + c cos 20 J , where c==~p and 

higher powers of e beyond e 2 have been ignored 

Let (£, 7^ denote the elliptic co-ordinates of a point of which the 
Cartesian and polar co-ordmates are respectively y f ) and (o', 6 '), re- 
ferred to the centre of the ellipse as origin Then, we have, 

a/=r' cos 0'=fc o coshf cos 77 = ; k 0 & 1$ 

and y'=r' sin O'~h 0 smh £ sm »=fc 0 v't? 2 -1 v / l-/x 1 2 i 

where £=cosh £, 

/x x = cos 77, 

and k 0 =a'e'=ae ) 

a' and e' denoting respectively the semi-major- axis and eccentricity 
of the confocal ellipse passing through the point under consideration 
Therefore, 


/ ! 



r>2 =K U'+A-i) 


and tan 0 ' 
whence 


and 


3 _ 

f*' “ ’ 


(//=COS 0'), 



8/*'_ y(W ) 
0£ {(RV 


(1) 


II 


The prescribed normal vibration at any point on the surface of the 
vibrating cylinder can be developed into a Fourier series and we accord- 
ingly assume, for tbe normal vibratzon, an expression of the form. 


71 = 00 

(V- COSW0+V, sin nO)e* ct 



ON SOUND-'V \VK8 I) UK TO I’ll KM I) IlH't) \ ! 111! A HO Ns 


!K‘» 

Let <£ denote the velocity potent i.il ol fhoMiund uiivi-i Thou </> 
must satisfy tlio following equation, s — 

(i) 4>=c'V ,*</>, 

at all points in the sunoundmg medium, whole 

_ 0 1 . i a ,i a ■ 

Vl - ai a+ i q > + / j a« j 

01 

a “ i 9,i a j 

a/ j v a/ / j a 

( U ) d<f> _ — ^ ( U „ <*0H It 0 + V „ hill tl& f oil I II, 

9' M-o 

and 

(ui) =0, tin t In* olbpM* 

dn 

Whero dn denotes an t lemon! of normal u( any p«»mf on I he Imnndui v 
of the elliptic section by a transvorso plune 

Let us, first of all, suppose that the \ dm nhng rigid mi riilar ey lmdt«r 
is outside the ftvod elliptic oy ltnder, the centre lying on the major ,hi*i 
at a distance I), Lot (r, 0) and (/, flf) dmtnto f ho jmbir eo oidmide of 
the same point, ref erred to the rentren of fhevtlmdtng and h\*d 
cylinders respectively, 0 ami O f being measured in opposite non io» fioin 
the major-axis 


Let 


111 


being a fund ion of r am! 0 only. 


The equation 


4>= (! *vI <l> 


is thon reduced to 
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Whatever be the nature of if as a function of r and 0, it can be 
developed m a Fourier series of the form 

n— oo 

2 (A« cos n6+ B n sin n 9)ij/ n} 


n~0 


where is a function of r only and satisfies the differential equation 

9ViL + i &£• + ( fcs _^W = 0 . (a) 

Qr a r dr V r a / W 

The two boundary conditions on the two cylinders aie i educed to 
= — 2(U n cos sin nd), on r=*a x and 


8* 

0£ 


= 0 , 


on the elliptic section, 


since 



where 



IV. 


Noticing that \j/ n would represent a divergent system of waves, the 
appropriate solution of (a) would be 

«An=H ; (fcr)* 

Thus, the initial unobstructed wave-system diffusing itself outwards 
into infinite space would be represented by 

n= oo 

n _ 0 008 w ^ +B » sin «0)H ,</cr) 


* H? has been regarded by Nielsen as standard solution of Bessol’s equation 
and is described by him as function of the third kind This function occurs m 

0a f 0 i tal represenfcatl0D asymptotic expansions of J„(<o) 
f^ofleaJkind. ’ NleUe “ It is the 2nd of the 
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whore 


U. 


ka x ) ’ 


B =— • n 

* /‘H' w ( ka,)' 

and II n has been written for H„ 2 for the sake of convenience 

But the value of t p(=\j/ 0 ) does not satisfy the othei boundary condi- 
tion , and we accordingly assume, 

xj/zzzij / 0 -J -^ 1 > 

where i[/ 1 represents the velocity-potential of the waves scattered from 
the fixed cylinder 

i[/ 1 must satisfy the two-dimensional wave- equation, 

(Vi +k i M 1 = 0, 

and the condition (i/r°+^ 1 )=0 I on the fixed elliptic cylinder (/?) 

Remembering that if/ 1 must bo of the natui o of a divergent wave- 
system, we assumo, 

»l“ + oo 

\j/ 1 = 2 (A' m cos viO’+ B'« sin m6')H m (h') 

m = — oo 

Now 

n- oo 

i/r°= S (A n cos n0 + B n sin nO)}l n (Ic>) 
nm o 


W*»oo 

Wl«« 


•WCX3 r~ n^QO 

2 J.(AO cos m<9' 2 

8 — oo L n^O 


n » oo 

+ wn wifi' a B H H 
«*“*•() 




since m the neighbourhood of the fixed cylinder 
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have 


Hence from the boundary condition (/J) on the fixed cylinder 


we 


0 =^(r+r)= -grtr +*')$-+ £r ( r+r) ff 


i- . a 


= (>//° + .//')Ao £— g 1 ” & C0S £' _9, M « +i n 

Qr v J r £(1 — £“) 9d'^ ' 


fiom (1) o± section I 


b* h m= Qo 
_ '*'0 x 

er 


3a, [^ A “ cos + Sln mtK)H'.(Jr') 


+J '-( fe/ ) { cos «*' 2* A.H. + .(fcD)+«m «0' ’fj},H, + „dD) } 1 

V n_ 0 « = 0 j J 

At a, p z m ~ 00 r 

— sind cos 0— — — 5 m. H,„(L')( — A'„sin m0' + B' w cos «i0') 

G mmmmm X 00 | ' 

+ J„(ir') |-sin »i6' j“ A»H» +m (*D)+cos wff Tb,H, + ,' lcD) j J 

on /=a(l — c + e cos 2 O'), 

where we have made use of 0 n the ellipse, 

6 

or 

°=* a ’ J. [( A '» C0S m6 ' + B '» sm m? H._ 1 ^*rO-H. +1 (ftr') } 
+ j £cos m& "i° 5 A l H„ +I „(/cD) 


+amm6 ' B„H„ +M (ftD) ] j 
+ 8« sin 6' cos^' Jjf m [ (- A' m sin md' + B' m cos m6')Hjka) 

+ 3 m (ka) J -sin mO' Ta, H„ +m (fcD) + cos mff T B, H B+M (ftD) J ] 



OK SOUND- WAVES DUE TO PRESCRIBED VIBRATIONS 99 

on r'=a(l — c + c cos 20'), 

where we have ignored powers of e beyond e 2 , and have made use oi 


£=_, on the ellipse. 


l 0 =ae, 

and the recurrence-formulae # of the type, 

J'.(O=*[J.-»(0-J.+i(*)] 


or 


m~oc p p 

0=z7m § (A' m cos w0'+B' w sin m0) ■< 

m==—ooL C, 

-Z« £ II*.(Xa)(l-cofl 20') | 

+ &a€j''(Xa)(l-- cos 20) H co Bm/jS A.IT. + .(AD) 

n=oc -v 

+ sm m*' § B,H M „(iD) \ 
n= 0 J J 

S j — A'm (cos (m— 2)6' — cos (m + 2)0' ) 

m— — oo L V ' J 

+ B'„ sin (m+2;0' — mu (m — 2,0') j 

+ Jm(fra) £ -”i“ A 

n H n +• m cos (m- 2)0 '— cor (»i+2)0' ) 

+ ^5?^ B n H»+».(AD) ( Rin (m+2)0' —sin (w— 2)0' ) j J 
[A'm |H' M (la)-Aa* U*»(ia) j 

oo P 

”b (TcD) J f m (ka) — ka€tf ,f m (lia) T J 


m — oo 

= 27 ra 2 cos m 6 f 

m= — oo 


See Watson’s Theory of Bessel Functions, pp 17 and 74. 
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m— oo 

+ 2 ha S sin mO' 

m~—n 


'[B' m | H\ 


( la) — fca€ W m (\a) 


} 


{■ 


* 4 * ezZ ® n H. n + m (kD) | J ' u (ha)-l.at 3" m (ka) 
n = 0 


}] 


COS 


s 0-2)0' I a a z € AJB^aJ + Xa J> A w H n+w (kD) 


n «*0 


n= oo 

— 2me A' m H M (i:a) — 2mc 2 A„H, l + m (/,D) 

n-() J 

m—oo r n- oo 

4* 2 cos(m + 2)0' A fl a 2 c A' wl H" m (/ro)-|' /rnf § A M H M „(AD) 

m ~ — oc L w =0 

n— oo 

+2m« A' m H» l (^a)+2m« J M (Sa) 2 A„H„^ m (AT> ) 

n-0 J 

[ n= oo 

k°a'<B' m W m (ka) + ka 2 B„H» + „,(M>) 

n~0 

+2 m* B' M H„(Ja)+2mc J.(ia) “sB. H„ + „,(&P)1 

n = 0 -J 

m>=oo n— oo 

+ JS sm m-2)0' fc»a» e B' m H"„(7ca) + 1 fa) 1), H.+.(*D) 


m—oo 

+ 2 sm 


-2m e B' m H.(fa)-2»« J.(fa)“ 2MB, H„ + „,(&D)j ... . ( y ) 


Y 

Multiplying the equation (y) by cos mO' and integrating between 0 
and 2tf, we have, 

0=2fa£ A'ui | H',„ lea) -katB!'(ka) j 



n= oo 

+ ^ A n H * 4 w , t 
n = 0 
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■+■ H j 4. j, l /t 2 Ct a H m-2 (liCt) 2(m -f- 2) | 

,(/,!)) |/,a-2(M+2) £ J, ll4J (/ 1(f ) | 

+ cA'„_, | ;. ! « ! ‘H",„_,(',«)+2(w-2; JT,„_ tt (7.«) j 

+ n ? 0 A ” J, j (8) 

Again multiplying by am m0' and migrating between 0 and 2^, we 
have, 

0=27,«B' m | IV m (ha)-la<WM<‘) j 

+ 2/ ‘“ ^. 0 J5 " T1 m-(*») ^ J ».(/«) j 

+ <Ti'„ +s IT", h , (/, a) - 2()» + 2)11, „ , , (/. «) j 

+ 2 0 B - h m a ^ />« -2(iu+‘2) ,r mt „(Af/) ^ 

+ e | A=V H",„_,(7a) + 2(™-2) !!„_,(/,«) j 

w ?0 | *«+&(«» — J ih «.#(/»«) £ . (c) 

We thus have two infinite sots of linear equations to determine the 
A 1 s and B l ’s Such a system of linear equations was for the first time 
studied by Hill * who with the object of integrating a certain differ- 
ential equation of the second m dor was led to consider a determinant 


* ^ cta Mathematica, Vol, 8, pp 1-30 Keprinted, with some additions, from 
paper published at Cambridge, IJ H A (1877) 
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of mfiuite order , H Poincare' * rigorously demonstrated the piopei ties 

of these determinants, originally pointed out by Hill H Poinoare'.t 

Helge Von Koch X and others have developed the theory of a system of 
linear equations, when the unknown quantit-es and the equations to 
determine them are infinite in number The constants A’s and B’s .nay 
be theiefore determinate and the scattered wave-system becomes known 


VI 

But 

would no longer satisfy the boundary condition on the vibrating cylinder 
and recessanly we introduce a function if 4 which represents the velo- 
city-potential of the system of waves (divergent in nature) unaltered by 
the vibrating cylinder Then </r 4 besides being a solution of the two- 
dimensional wave-equation 


(V X +k a w*= o, 


satisfies the condition 


9 (t' + r)=0, on » =«i 

0 T 

.. (u) 

Let us assume 


p=oc ^ 


ij/ 2 = 2: [Ap cos pO+Bp mn p6\ H,, (hr) 

.. (k ) 


Now 

m = °o 

if/ 1 = 2 (A J cos mff+Bj sin niff) H m (hr') 

— oo 

P== OO [- YnxaQO 

= 2 J p (hr) I co * pO § AJ 11^4 M ( JcD) 

P = a — OO L *“°° 

m ~ 3 oo -» 

+ sin p$ ^ IVII, + „ (fcj>) I , 
ffl, -SB — . OO ~J 

since r< D, in the neighbourhood of the vibrating cylinder. 

Therefore from the above boundary condition ( n) section (VI), we 
have, 

p — OC 

0 = ;> [A/ cos p6 - f B/ sm ^0] H/ (la % ) 


11 Loc at . 
f Loc ctt 
X Loc ctt* 
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pas OO p fft — 00 

i" 2> J p < /icz-j) cos pQ (/cD) 

p= — 00 L m= — o® 

m — 00 -j 

+ sin 2 13,,,' H, + „ 

m= — 00 J 


Whence 


and 




m—00 

2 A.' H„ + „ (fcD) 


B/ = 




m—00 

^ b„/ H f+ . 

m — —00 


(fcD) 


Thus, all the co-efficients m \p* can be found out and if/ 2 is deter- 
mined 

Proceeding in this way, we find, 

\j/=z\l/° +ij / 1 +ijj 2 + 

where the ^’s with even numbers denoto velocity-potentials of the 
waves reflected from the vibrating cylinder and the \js ’ s with odd num- 
bers represent the velocity-potentials of the waves reflected from the 
elliptic cylinder 

The velocity-potential of the motion is thus given by 
* = (^+^+^ + ...)<* hct * 


VII 

Let us next suppose that the vibrating cylindor is placed inside the 
elliptic cylinder m the same manner as in the foregoing case, and if we 
use the same notations and symbols, the motion inside the space con- 
templated can be similarly determined by obtaining the successive wave- 
systems reflected alternately from the internal and external boun- 
daries 

Assuming, as befoie, that the prescribed vibration of the cylinder is 
expressible by a senes of the type 

"gf (U n cos n0H fV tt Sin n0)e tkct 
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The velocity potential of tlie initial miobstmcled wave-system, is 
given, as before, by 

0o = 2 (An COS n6+ B n sill n6) 
n — 0 


where 


An - 


V w _ 


t 

1 

i 


1 


^ 1 

• t f 

i 


and B - 


v„ 


AH/ /.a,) 


This wave-system on incidence on the outer cylinder would disturb 
its boundary-condition and be scattered II <£, donoto the velocity- 
potential of this scattered system, we must have, 


8^ 

d£ 


(4>o+4>i)=0 


on the elliptic boundary 


(«/) 


If the medium within the elliptic cylinder woio un-mtorrupted, tlie 
velocity-potential of the motion would bo fimto at the origin and we 
accoidingly assume 


cos ptf'+B’j, sin p6’) J, (A/; e' krt , 

where the A 1 s and B l ’s are unknown constants to bo determined from 
the above boundary condition (m), Section VII 

In the neighbourhood of the fixed cylinder, 

> B, 

we, theiefore, have 


^ °~ n ^ 0 (A » cos ^+B„ sin nd) H, (hr) e ,ift 


^ jm=CD n = oo 

; = »Soo Jm(AD) H, + „ (W) [A, cos (ra+m)0' 

— B„ sin (» + m)d'] 





ON SOtIND-WWES DTTK TO PKJS&t'RIBM) VIBRATIONS 
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JI = CO »=00 

= 2 H p (lr') [cos pff S < — i AD) 

J>= — CD « -=0 

- sill J._, (AD)] 

n o 

Hence from tlie above boundaiy condition (z.//), we lia\e 

a f ?=oo f « ™ oo 

0= § H, (to') cos } S' 2 (- "A n J„_„ (AD) 

0(, L *> = --00 C n “0 

-Mn p/s (—)"B, (AD) { 

// -0 ; 


+ i> (A 1 cos yO f 4* B 1 p 
/* = " 00 



whence, proceeding as m sections IV and V, the unknown co-efficients 
can be found out and tlio scattered system of waves would be known 


VIII 

The waves represented by </> x will, after incidence on the vibrating 
cylinder he reflected Let </> a denote the velocity-potential of tho 
second system of scattered waves iienionibenrig that it would be of 
the nature of a divergent wave-system, we assume, 

</> a = (A 2 * COH604B 2 * sin 6$) II, (AO o lKit 


The boundaiy condition on the vibrating cylinder mast not be 
disturbed, therefore $ a must satisfy the condition 

ZT (<t>i+<t>,)=0, on f=« v 

O T 

Now, m the neighbourhood of tho vibrating cyhndoi, r may be 
greater or less than D Therefore, we have, 

pjs 00 

<£ x = 2 (A 1 * cosp^'-f-B^ Km <p6') e lk(t 

pss- 00 
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— 2 5 J* + i? (AD) J,(A?)[A% cos &0*f B 1 ,, sin 601 e ' ' 

#=-00 p =— 00 u p J 

= 's ’ J.(*r)f’co8 6» '§* A% J, + f (AD) 

#=—00 j . p =-00 

4* sin 60 § B 1 ,, J, + „ (AD) 1 e'* 0 ' 

p=-oo J 

Fiom the above boundary condition we, theiefore, have 
0=-| 7 r S l° J , (fo ) f cos s6 'i® A%J ( , + , (AD) 

+ sms« B%J, + P (AD)I 

P= 00 J 


+ cos 6*0 + B a , sin 60) H, (Ar) J 

whence the unknown co-efficients can be found out 

Obtaining in this way the velocity-potentials of the successive 
reflected waves, the final velocity-potential of the motion would be the 
sum of all these including that of the initial unobstructed motion 

Bull Cal Math Soc , Yol XXI, No 2(1929 
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On tub equation ok statn, 
By 

Rambsiioiiandra Maiumoar, M.Se 


Van dei WaaLs* Equation of State connecting I ho pressure and tin* 
volume of a gas can bo written in the genciul ioim as an infinite 
series — 


P + 


a 

V a " 






to 


whore p t V, R, T, a and b ha\e their usual meaning and </> t \ </ ,, 

are the numerical coefficients 

Methods are given for the (‘valuation of tin* numerical coefficients 
</> 2 , . ..of the above equation The umfftcicnt </*, was first 

calculated by Vander Waals Inn self and subsequently by othera 1 and 
was found to be equal to one. Taking into account the overlapped 
volume of the “ Deekungshpharon when there ai e eollnuons between 
the different molecules two at a time *Uge» * and soon afterwards 
Boltzmann 3 with two different methods obtained fin* value of as * 
Among the recent works on the del erniumi ion of </> # uuq> he mention* d 
those of Keesoru 1 and A V (Joie ft who eotiHiderid the inoleeule * hm 
rigid elastic spheroids and discussed the effect of eeeentneitv on the 
value of <f> z Their value is, howevci, same as gnen nhovn 


1 In Hie methods given by Planck (ti\t > d, Kgt I'uusm AkmL d 11 to Phis 
S 63a 6A7) and subsequent! j independent)} in M. N. Halm ami S N IU»»e tphil 
Mag 36, pp, 199 202 Aug 1018) with the help of lhdp/tmtnn 'n Knhripy equation 
the ordinary Vandor Waals gas < (juat-ion is obtained in a loganfhmw hum, 

4 0 3 tiger, S%Uunysber rf. 11 turner Math nut uni , Khvhw tin, Io.\ p lf» t mm 
* L* Boltzmann, Wun Sit Ber [2a) 105 (1800) H 005 Ifm, ANi !t, H, 5J.?, 
imd [b] 8 152 Ven/l auch Enc V 8, Art Bolfsimnitn and N#dd Nr, 20 
fc w n Koeaonii Amsterdam prot\ Vol. XV, pari l, 1012* H* *2tO 
a A F. Core, Phi Mag 46, pp 256 272, A tig* 1023 
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The calculation of the coefficient 0 3 is a bit more difficult as in this 
case one has to consider the overlapped volume of the “ Deckungss- 
pharen ” when there are collisions of three molecules at a time The 
first unsuccessful attempt m this direction was made by Vandei 
Waals 1 Later on Hr Van Laai 2 * attempted to evaluate 0 3 Soon 
after the above work of Laar, Boltzmann ’ pointed out ceitain mistakes 
m his calculation of the ovei lapped volume of thiee “ Deckungsspha- 
ren ” Thus when the corrections aie made the value of cf> 3 becomes 
2869 Latei on in 1906 H Happel 4 extended one of the methods 
given by Boltzmann for calculation of 0 2 in his “ Yorlessungen uber 
gas theone Band II S 143-151 ” to deteinnne 0 3 The value obtained 
by him 03 =0 288, is nearly same as that obtained befoie by Laar- 
Boltzmann 

A complete historical account of the diffeiont attempts made to get 
the equation of state will be found m Encyklopadie der Matliematischen 
Wissenscbaften Band Y. 1. Heft 1-6 S 669-751 

In the present paper it is proposed to show how the Equation of 
State can be obtained up to any degree of approximation directly from 
Gibbs Law of Canonical distribution It may bo noted in conclusion 
that the first attempt m this direction has been made by Wassmuth 5 
who has got only Yander Waals gas equation 



We have ftom the canonical distribution of Gibbs 

HJ_ 

p = Ne © (2) 

where p is the density ot phase points having energy U, N the total 
number of phase points and 0, © are two constants 


1 J D Zander Waal., [e] okt 189S S 160 (The vmter regrets h.a fa.laro to 
get first hand information about this work.) 

Hr Van Laar, Archives du Musee Joyler ser , 2 0 p 237. 1900 = 
damAkad Versl Jan 1899, S 350 U 

' L Boltzmann, Amsterdam Ber 1899 S 477-484 = Boltzmann's Wissen 
Schajthche Abhandlungen III Band (1882-1905), S 658 664 

(4)21(W06TH42 HablUtatlOn ‘ S ° hrft tUbmg0a (LS ' PZI ° ) 1900 d Vhys. 

* A. Wasamath, Vcacl Wtss, Wien. Ber, 12 2. 2a, S C51-C66, MSrz 1913 


ON TUB EQUATION OF 8TVTJB 101) 

We have from equation (2) on miogiatmg over the whole [y } spare 


r r*~ X] 


1 pAr = N / e 0 Ar=IS 

(■<) 

r tdl 

• (1) 

Therefore c © Ar = l 

_<P r 


or (i O = r « At 

.. f.‘>) 


Now if each phase point represents u molecules having ,>ume nu t » 
/i and having positional and momenta eo oulmates i , , y it , , • 

* t , y n) x n and /*?/*, /«r t /u\; /ly*, /< „ * o *pt H n itl> , 

then the volume ^clement m the phasa-apaeo heroines 


A rzzfjL'**dit x (ly i<l d% n dr % * 

Thus the equation (1*) induces to 


r r - n 

e 0 zzfi*' n J .Jr O fh *f/i J . . , it 


-i r r r * 

e ® =/*•*/ ... ..J< »<h </-./■ ,/ 


or 


("I 


where L mid $ represent kinetic anil potential eneicy respect iwh 

Since the first integral term is 11 function uf velocity , if doe , ,„<> < on 
tain V, the total volume of the gus, with respect In ninth Wt , |,,iH h,n. 
to differentiate the whole suries later <m And lienee the ideo,.- e.j m 
tion may bo written in the form 

-f r - _* 

e Q rn cj .J I <> dr,,,, ,,, ( i ( 

where 0 represents a constant independent of V 

Again the average value of <l> is given In, the n datum 


<I> = 


OM* 

V 


wher© a is a characienstic gun constant* 
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_ -t 1*1 r 

So we have e o =Ce ®V J . J dx 1 

... dz„ 


an 3 



= C6 ©V k 


.. (8) 

" -|='«8 C +|v +i0 «‘ 


(9) 

where k=l fdx 1 dz„ 


. (10) 


Now to find out k, we should take into account the correction to be 
applied to V due to the finite size of the molecules Thus when there 
is a single molecule in the volume V, the available volume for the 
second molecule is not Y hut V— 0 where 0 is the volume of sphere, 
drawn round the centre of each molecule with radius equal to the mole- 
cular diameter o- Again when there are already two molecules in the 
volume, the available volume for the third molecule is V— 20 and more 
exactly, considering the overlapping volume of the two spheres due to 
the probability of their centres being within a distance a and 2a from 

each other, is V-20+ JL 2-^1* Similarly when there are 

three molecules, the available volume for the fourth one is 

V-30+-H-.6 IL. and again more accurately, on considering the 

probable over-lapping volume of the three “ Deckungsspharen ” at 
a time, 



2357 

8x6720 


2x00958 1 A 0» * 

—g J d V + 


Thus considering collisions only up to three molecules at a time, the 
available volume for the nth molecule when n-1 molecules are already 
present in the volume V is 


V-(»-l)0+ («— 1)( W _2)J?1 . JjL 

V 64 


+ (w — l)(w— 2)(ft— 3 r 

' v a L 


2357 

8x6720 


2 x 0'0968 

g • 


* Boltzmann, Gastheone, S 167 
t Laar-Boltzmann l c. 
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m 


Or neglecting the difference between n 9 n— 1, n ~ 2 andw — 3, since n 
is very large, the above volume becomes 


- T n»/3 a 17 , n'j3 a r 2357 2x0 09581 « 

V-n/3+ -g— K -^ (l g J 


T~ 64~ ' “V 2 '[ 8x6720 
Hence we have 

JJJ dx 1 dy 1 d: 1 —Y HI d* t &y t d* % = V-(3 


Ilf 


d^dy i( h s = V— 2/3+ U- 2 ^ 


rffi 7 7 v Q«. 17 G/? s , f 2*157 2x009581 , /3’ 

JJJdr.dy^V-tf 3+--- ^ +L 8x - ( . 7i2() - — 8 - J 6 v ~- 


///j, .*.*.= V-V+ " If- + [ 8 - 2 ^ 


6720 


2x00958 1 0vi j8» 

8 J V j 


and so on 
and thus 




X ri _^ + 17 6 i* +f 

L V 64 V* + \ 


2857 _2x 0 0958 

8x6720 8 


r, «/J,n a £ 3 

17 »»/3» 

2357 2x0 0958 \] 

L 1_ V + ~V’~ 

64 + V» 

.8x6720 8 j J 


)f.’] ... 

• (11) 


Therefore we have 


, , , TT . n ~ n , r, , « a /3‘ 17 

log h=n log V + log [ 1- y + y 

w’/S 8 / 2857 _ 2x0 0958 \ 1 

+ V s V 8x6720 8 ' / J 


* Laar-Boltzmann /. c. 
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Ha 


-n . 


T n £_ 

17 n 2 /3 a / 

' 2357 

2x0 0953 


L v 

64 V 2 2 V * * 

v 8 X 6720 

8 

) v» 


17 n a P' | V/3 8 


] 


64 V 3 3VV 

higher order than being neglected. 

Or carrying out the above summation, we got 

log k =nlogV-^- 1_ « 8 /3 4 _25705520 n' fi' 
b 2 V 64 V* 53760x4 V 3 ' 

Therefore from equation (9) we have 


=log o + ^+ n log V-”A J ? «!£! 

© b ©v s 2 Y 64 V 4 


( 12 ) 


2570 5520 m‘/J 8 
53760x4 V 3 


Hence remembering, p= — wc get 

a v 


.. ( 13 ) 


J> _ +p 5«T 3x2570 5520 w l /3» 

©~ ®Y a V 2V a 32 V s '53760x4 ' 


(14) 


Or putting ^=5 and ©= ETT we we have finally 


«+ aw * _NKT 

V> V” 


[ 


1 + 


5 

8 


6 s 

V s 


+ -28689 


6 s 

V s 


] ( 15 ) 


which gives 03 — 28689 in good agreement with the value obtained 
by Boltzmann ( 0 3 = 2869) 

Before concluding this paper we should like to discuss a special 
case of some interest m the following section. 



ON TUK Mi,U\i'10N (II s ' I * 


I 


III 

If we nogloct tho overlapping of tin* I** 1 loin , ] 

tion (11) takes the following simple form 


h= Y" [ 




Therefore neglecting difference between u and 



log l=n log Y + h)g 





I* 


’ I 


. h- 


din, | l ^ * | '• 

Thus from tho equation (j>) we have 

~®~ = l0gC+ £)V + " 1,,g V+I "e ( 1 V ) 1 l< ” ( ! \ ' * ’ ‘ 

-f l«or ( 1 v ,( )••■ • l i 


Theroforo using tho relation jit: — we have to m 1 1 l 


JL- _«•* + n + W V ’ + “/ ( /V ' , 

© ©V J V l-/f/V T t -2/i/V r 


. I 


,1 V * 


j.Vl a P 

' ®v> 


+ 7 + v» [( 14 v + v* 4 *• ) 

+ a ( l + "v+“v! + ) 

+ 3(1+^+ + ) 

+ "( l+ 'v + 7 ; + )j 
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And summing up all the series we liavo 


£_ aw° I" n/3 

© «V* + L/87 


_ _ aw a 1 r 




Now since ®=KT we got finally 


P= 


XT 

P 


log 



. (19) 


which is the Planck-Saha-Bose Equation of slate referred to m the 
introduction 

It may he noted in conclusion that the prosont method can ho easily 
extended to calculate the higher coefficients in oquation (I), provided 
the corresponding overlapping of the “Deokl^ngRspharon’ , is known 

Finally I must accord my host thanks to Dr K 0 Kar for hm 

kindly snggesting the problem and giving valuable advice m course of 
the work 


Bull Cal Mate Soc„ Vol XXI, No 2 (1929). 


5 


The Jaina Softool of Mathematics 

By 

BlBniTTIBIIUS'VN Datta 
(Univwsif/ of Calcutta) 

Intiodudonj 

The present article does not pi of ess to be a complete account of the 
mathematical achievements of the Jamas Indeed the account it gives 
is far from being complete and has been lather desultory The excuse 
for still wishing foi the publication of this article mspite of its 
admitted impeifection and other deficiencies may be shoitly stated 
thus The writer who has only recently began collecting materials 
for a full and compiehensive account of the contubution by the Jaina 
scholars to the development of Hindu mathematics, will have to refrain 
from further prosecuting his project now at this piehmmary stage of 
the investigation So he wishes to keep in print a bnef record of the 
results obtained by his labour in the hope that it will probably save 
the future and more successful researcher at least of some amount of 
his labour Moreover, even within this short span of time, theie 
have been discovered certain mathematical results which are not 
only highly interesting but are also considered very important for the 
history of Hindu mathematics. Hitheito the sources of our informa- 
tions about the achievements of the Hindus in the science of mathe- 
matics were piactieally confined to a period, the upper limit of which 
can be put at 499 A D , the date of composition of the A ryabhatiya 
by Aiyabhata (bom 476 AD), The Surya-sidd/ta/tia is believed 
undoubtedly to be an older composition , but it has gone through 
so many recensions that it is not easy to assert without any fear 
of contradiction, how much of the original matters have been retained 
in its present redaction. Here we give for the first time certain 
facts which will undoubtedly shift biek the upper limit by eight 
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centuries at least if not more. It is hoped that this article will in- 
spire some enthusiastic workers in the history of Hindu mathematics 
to a more careful, diligent, and exhaustive search m this fruitful 
field 


Place of mathematics in the Jamism 

The Jamas attach great importance to the culture of mathematics. 
Their religious literature is geneially classified into fom groups, 
called anuyoga , meaning “ the exposition of the pnnciple ” (of 
Jainism) One of them is the ganitannyoga or “ the exposition of the 
principle of mathematics ” required m the Jainism. The knowledge 
of samkhyam (literally “ the Science of numbeis, ,; meaning arith- 
metic) and jyotisa (“ Astronomy ”) is stated to be one of the prin- 
cipal accomplishments of the Jama piiest 1 It should be noted that 
the necessity of the Jama priest to learn mathematics arises by way of 
finding the proper time and place for the religious ceremonies. 2 The 
Jamas attribute to the founder of their religion a sound knowledge of 
those sciences. 3 According to them, a child should be taught 
<f firstly writing, then arithmetic as most impoitant of the seventy- 
two sciences or arts ( stljra) 4 

Sources Ganita sara-samgi aha of Mahavtra, 

The only treatise on arithmetic by a Jama scholar which is availa- 
ble at present is the Qamta-sara-samgraha 6 of Mahavlra (850). 


1 Bhagabati sutra with the commentary of Abhayadeva Siin ( c 1050) edited by 
Agamodayasamiti of Mehesana, 1919, Sutra 90, Uttar&dhijayana^utra , English 
translation by H Jacobi, Oxford, 1895, Ch XXV 7, 8, 38 

s Compare the refnark of Santicandra Ga*i (1595 A D ) in the preface to his 
commentary on the JambvdvtpaprajOaptt mw ^ Mm- 


* Kalpasutra of Bhadrabahu (o 350 B C ), English translation by H. Jacobi, 
11 10 ( SBE, vol 32, p 221) 

The Antagada dasao and Anuttarovavaya das do, English translation by 
L D Barnett, 1907, p. 30 Compare Kalpasutra, loo ctt , p 282 , SQtra 211. 

It is noteworthy that in the Buddhist canonical literature also, arithmetic is 
regarded ae the first and the noblest of the arts (hl V a) Vtnaya Puaha, ed. Olden- 
berg, vol iv, p 7 , Maypma Nikaya, vol. I, p 86 , Cullamddesa, p 199 etc 

■ Oantta-sdra sashgraha of M&h&vira, edited with English translation by M 
Rangacarya, Madras, 1912 In future the reference to this book, if not otherwise 
stated, will be to the English translation, " 
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Tnoie are also known two astronomical tteati.es, called the Stiri/a- 
prytiaph and the CandtnptajTw/di Their wcio mtamly othei mathe- 
matical hoiti-ses by the eatly Jama seholats, which ate now lost 
In the mtroductoiy chapMu of his biok, Wahaviia ha, expiessel his 
ohliujation to a greit nunbu oE pievious mUh*inationn, hom whose 
works he has diawn his inspiiation 1 


With the help of the ac •omphsod holy sages, who aie woilhy to bo worshipped 
»y this lords of the w >rld, ami of Utoir disciple* and disciples disciples, who con 
st'laito the well-known jointed genes <>l pre.cptors, I glean from the great ocean of 
the knowledge of numbers a liltlo of its essence, in the manner in winch gems are 
(picked up) from tho sea, gold is fiom the stony rock and the pearl fiom the oyster 
Hindi , an 1 give out according to tho piwor of my 'intelligence, the Sira-iamgraha, 
“ F1(1 »aiL work on arithmetic, which is (however) not small in valuo " 


A "Ain in the concluding linos of (ho same chaptoi, he obseives 2 

“ Thus U 10 toi tautology is stated lnielly Iw tho gioat sages What still remains 
to lie nund should ho Ieauit m detail fiom tlio Agama s ” 


'Ldius wo come to know of the existence of othei woilcs on mathe- 
mUios which were eonsidoiod as the Agnmas or “ saeied 
alin'ic*.’’ The very name itself of Mahavira’s treatise Ganifa-sara- 
-xn Axpraha (01 “ tho Collection of tho essence of mathematics J ’) 
reveals the existence of othoi treatises We have more direct proof 
of this Mah.lvlra has quoted ,1 into by a Jama mathematician foi 
tiio solution of a certain class of pioblems 8 “ This is the solution 

of (this land of ) problems as piopoumled by the learned, and the 
rule (itsef) has been declared by the great Jauu/’ It, should be noted 
that the author of the Gamin -tat a mngnihn lus always held the 
Great Mah*ivTra, tho founder of Jaina religion to have been a gieat 
mathematician 4 


* Oanita s dr a safitqraha, u 17-10 

^ Ibid , 3 70 In tins Kangacarya’a 
make it more literal 

* Ibid , vi 154. 

* Compare i. 2 


translation lus been aliglilly altered to 
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Bhadrabahu and hs Samhiia 

Bhadiabahu (died 170 A V =‘198 B C) 1 , a veiy prominent 
peisonage m the hisloiy of the Jama lehgion, who is leputed as the 
last of the Sratakevahn (i e those who can icpiodiiee horn memory 
the whole of the voluminous eanuomoal literature of the Jamas), is 
known to be the author of two astronomical woiks (1) a commen- 
tary on the Suiyapuijnajiti, and (1) an original work called the 
Bhadrabahaoi Snmhild None of these works is available at picsent. 
The foimei has been mentioned by Malayagm (c 1150) in the 
opening veises of his own commentaiy on the Suiyapmjfmpii and 
in fact he has quoted a few lines fiom that work 2 * * 5 A woik of the 
nane of the Bhadrabahavt Samhta was found by Buhlei, 1 but its 
authenticity has been suspected by modem scholais on the ground 
that (1) it is of the same charaetei as the othei Samhitds, (2) it has 
not been mentioned by Vaiahimihua (505 AD) who has leleued 
to many antenoi wuteis, and (1) it contains the date of its last 
ledaetion, viz, 980 A V ( = 51 ' A.D ) 1 Certain passages fiom one 
Bhadiabahu have been quoted by Rhattotpala (900)''’ 


Other Sources 

We know ot anothei Jaina astionomei of the name of Siddhasena, 
who has been referred to by Vaiahamihna, Bliattotpala has quoted 
the conesponding passages fiom the woiks of Siddhasena. So it 
must have been existent at his tune. It is lost now Besides, from 
the specific treatises on mathematics mentioned above, wo can get lot 
of informations about the Jamas’ knowledge of mathematics fiom the 


i if the traditional dato (627 B C ) ot fclio doatli of Mnliavfia be adopted, then 
the date of Bhadrabahu’a doath will bo S r )(i B O Bat wo have Uoio aicoptod the 
date sugitaatod by tbofeaaoi Jacobi on the anthoi lty ot tho groat Jaina author 
Hemacandia (died 1172 A I) ), viz , 4G8 B 0 

a Sutra 11, commentary 

8 Report on Sanskrit Manuscripts 1874 1876, p 20 

* Kalpasutra ot Bhadrabahu, edited by II Jacobi, Leipzig, 1897, Introduction, 
P 

5 Brhat Sanihita with the ootnmontaiy of Bliattotpala, edited by Sudhaknra 
Dvivodi, Benares, 1896, p 22G 
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vanous Aidha Magadhl religious and seculai books Foi instance 
the commentator Sllanka (862 A D ) is found to have quoted thiee 
veises beaung on pei mutations and combinations which cannot be 
traced to any available treatise on mathematics 1 Elaborate specifica- 
tion of the dimensions of the different dvtpas or lands of the fantastic 
cosmography of the Jamas will eeitamly throw much light on the 
daik pages of the foi gotten histoiy. 

Some valuable infoimations as legauls the knowledge of mathema- 
tics amongst the eaily Jamas ate expected to be found in the two 
othei classes of woiks, viz , Kseftasamasa and Ken anabhdvana oi 
Karanagatha Theie aie seveial works of the name of Rsefn enamasa 
(“Collection of places”), the eaihesl of which is by Umas\ah 
(c 1 50 B C ) This last work is also known as Jambudvlpasamdsa 
Jtnabhadia 'Gam (c 550 A. D ) wiote two woLks of the same class * 
a bigger one, called Brhat Ksetrasamasa and a smallei one, called 
Liujlm Kseiutsamaw Such tioatiscs weie composed by the Jama 
scholats of the 13th and 15th centuries even They aie expected to 
f mush infoimations as legauls the knowledge of geometry amongst 
the Jamas. The othei class of works KaranabJiai and aie believed to 
be oldei than the K^ehasamdm They give in a nutshell the mathe- 
matical calculations employed m the Jama canonical woiks Though 
1 have met with many (filiations from them by the various Jama 
commentatois of later times, original works have not come to my 
hands as yet. 

Topic# of Mathematics 

According to the Sthananga sTot/af a Jama canonical work of 
300 B C or still earlier, the topics for discussion in mathematics 
[samkhyTuia oi the “ Science of numbers ”) aio ten in numbet 
pankarma (“fundamental operations”), vyavahdra (“subjects ol 
treatment”), lajjn (“ lope,” meaning “geometry”), nah (“heap,” 
meaning “ mensuration of solid bodies ”), halasavarnct (“fiactions ”), 
yavat-tdvat (“ as many as,” meaning “ simple equations”), vauyt 
(“ square,” meaning “quadiatie equations ”), ghana (“cube,” meaning 

1 Vide infra , p. 134 

i Sutra, 747 

Kraft Krarrara^ n i 

5TR?tT<rf?i gnt cr ct? fwqt n n 
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(i cubic equations'”), vcuga-vaiga ( ct biquadratic equations”) and 
vikaJpi ( f pei mutations and combinations” ). 

In explaining the above technical terms, specially those relating 
to algebra, we have departed so much from the opinion of the 
eommentatoi Abhayadeva Sun (10u0 A D), that a justificatory 
explanation is necessary, The eommentatoi has displayed much 
ignorance about the science of algebia Now the subjects of pan kar- 
ma, vyavahaia and kalasaimna will he leadily leeognised as they 
appear in the same foim in the GanUa-sai a-aamgutha of Mabavlia, 
the only Jama mathematician of. later times whose woiks aie available 
to us The first two tenns appeal indeed in the works of all Hindu 
mathematicians from Brahmagupta (028) onwards Though the 
term raj]u does not appear in any latei woik, theie will be no diffi- 
culty m recognising it as refeiring to plane geometry and as equi- 
valent to the term kseUa of latei woiks It is synonymous with the 
teim sulba of the Vedic peiiod Hence liajjti-samhht/auii is identical 
with SrMa-sufaa 1 The eommentatoi has lightly identified it with 
Ksetragamfa , a name foi geometiy appearing in the Q am (ascii a - 
sy mxgraha 2 The teim rasi appears in latei woiks, except this last 
mentioned one, and means measurements of maunds of giain, But 


This vorso has boen quoted by SllauLa (802 A 1) ) in his commentary oi 
Sutrahrtangasutra (2nd Srutaskanda, oh i, Sutra 151) in a slightly modified foim 

cl¥ 3T31TW I 

'The editor of this last mentioned woik has translated it into Sanskrit thus 

^sr : ’crfsc: i 

is^rr: Mr. h 

This shows clearly that the editor has failed nusotably in grasping the true 
sense of the second lino of the original verso or of the modified one There is 
nothing m the either fiom which could be mfonod a rofoi i oo to " loots ” (milla) 
Above all by that interpretation, he has made the number ol topics loi discussion 
to be eleven, against the expiess injunction of the canonical woik that they aio 
altogethei ten So we shall reject his reading of the verse For similar icasons 
we shall discard the modification of the commentator Silaijka Pudgala as a topic 
for discussion ifL mathematics is meaningless 

1 Compare Katyayana-Sulba pari^ista (i 1) whore Geometry rs called rajgn* 
samdsa “ ” 

* Oh* vi 
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I do not flunk that it has been used m the same sense in the canoni- 
cal works Pot measuiernent of heaps of giain has nevet been given 
any prominence in latei mathematical woifes and indeed it does not 
deseive any piominence So it tan he hardly believed that it was 
consideied m the canon hm] wotks to he of such impoitance as to be 
counted as forming a separate section of the science of mathematics 
I am of opinion that niu means <c heap” in general and hence refers 
to the section devoted to the treatment of the mensuiation of solid 
bodies In the latei Hindu treatises on mathematics, this section is 
named Wtato } and the rati covers a very small portion of it 

Hitherto we have practically no difficulty in interpreting some of 
the names given in the ttf/iananqtnuhn to tho different sections of 
mathematics and in identifying them with the names given to the 
corresponding sections of the latei mathematical treatises Tn the 
identification of the remaining terms, the commentator is not only 
of no help but is, on the othet hand, positively misleading The 
cultuie of mathematics had dcieteoiated so much amongst the Jama 
scholais of latei tunes, inspite of the strict injunction of* then 
leligion to study mathematics, that they could hardly understand 
and appreciate t lie eaily scientific works In such circumstances it 
is not strange to find that they would make colossal blunders in 
explaining portions of mathematics, especially its analytical branch 
which lcquues keen and subtle intellect for proper understanding . 1 
Abhayadeva surely thinks that tuuga, ghann and vcnga~varga lefer 
respectively to the niles for finding the square, cube and fouith power 
of a number But m Hindu mathematics from the earliest times 
squaring and cubing are considered as fundamental operations and as 
such they aie coveied by the term j wnhanna . The method of find- 
ing the fouith power of a number has never been given a separate 
treatment in any work, for it is after all a ease of squaring If it, 
howevei, be supposed for a moment that such consideiation was pio- 
bably given to it, m the olden days of tl e canonical woiks, we ought 

1 In fairness to the commentate Abhayadeva Sun, it should bo stated that ho 
seems to havo been acquainted with the authwiotical treatise ot gildhern, but not 
with his troatiso 011 algobia For I10 has queiod portions of certain verses, eg, 
saddrM&m)Uighatah t samaimdsehatth which can bo tiacod to TrUahka (Eulos II 
and 15) But m attempting to explain ydvabteivat, ho has quoted a peioo of veiso 
wntten m Prakrta, and anothor veiso containing an obscure mathematical principle 
which cannot bo traced to any known work, 
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to have found sepaiate sections foi still highei powois of numbots, 
which, it will be shown later on, woe known to the oatly Jamas, In 
such case, it will be more natural to expect to find a separate section 
for the method of finding the squaie loot m which the Jainas 
were quite at Innd I hive tn doint m my mtrid that xauja 
refei» to “quadratic equations,” (jham t) “cubic equations” and 
varga-vmga to “biquadratic equations ” 

Abhayadeva Suri hela that f/dvab-havtf lol'ci^ (o multiplication 
ol to the summation of ^enes ^(ihYhlzdlbtct^j Now multiplication is in- 
cluded in the fundamental opet itions Vnl in refetung bo the altei- 
native he has contradicted himself Fot he has stated a little earlier 
that this latter subject is included in the section v/jaialuua ( c vt/ava- 
hara) stenih vgavaharad?) This mteipietation of the commentatoi 
can be objected also on anotheL ground In an explanatoiy note to 
his mterpietation of yaval-tavat, he has quoted a tule for finding the 
sum ($) of n natuial numbeis togethei with an example which woilcs 
out 


— t +£) 

2x 

wheie x is an arbitiaiy quantity ( yaddreoha , uatich,a oi if a val-faaul). 
Obviously the introduction of x is quite useless I venture to 
piesume that the term yavai-laval is connected with the Rule of 
False Position which, in the eaily stage of the science of algobia m 
every countiy, was the only method of solving linear equations It is 
interesting to that this method was once given so much impor- 
tance in Hindu Algebra, that the section dealing with it was named 
after it F he commentator, inspite of his other errom, is of opinion 
that yavat-tavat originated from yaddreoha, meaning “an atbitrary* 
quantity ” or from vdfichd meaning “ desned quantity ” We find in 
the Bakhshall mathematics, that both of these latter teims have been 
employed there m connexion with the rule of false position , 1 Thin 
Bakhshall work was written about the beginning of the Ohustian era, 
and hence in a ponod not very far from the date on the canonical 
work ^This will point to the correctness of oui interpretation of tho 
teim yavat-tavat in the Sthfinanga-sutTa 


’ Bibhutibhusan Datta, “The BakhshSlf Maihemat.oa •' 
Vol XXI, 1929, No 1, pp 1 60 


Bull Cal Math Sac. 
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The commentatoi has acted most foolishly in explaining the lattei 
poilion of the verse He thinks that vaggavaggo vikoppo ta should be 
analysed as vaiga-vanjah api lalpah tatha and sa)s that the section on 
halpa deals with what is called “saw” in latei woiks Obviously the 
eonstmction of this portion of the veisc should bo varfjavmqah vital pah 
lath a It will be shown latei on that, the eaily Jamas attached 
gieat impoitance to the sublet of pci mutations and combinations 
(■ vihalpa ) So it will he quite nalmal that a section of then ti entires 
on mathematics should be devoted to its treatment 

One teim in the h^t of topics of mathematics as stated above 
deseives paiticular notice It is the teim yanal-favul That teim 
enteis largely into Hindu Algebia oi latei times as the symbol foi 
the unknown It, has been suggested that it is connected with the 
definition of the unknown quantity given by the Gieek Diophantus 
(c 75 A D) as “containing an indetei minato or undefined multi- 
tudes of units” ( plelhos monttdon aoriston) 1 The implication behind 
that suggestion was to show the Gieek influence in the Hindu Algebra 
It is now found that yavul-lauaf has cnternl into Hindu mathe- 
matic^ moic than five cent lines bofoio Diophantu*. So if* that sugges- 
tion be at all tiue, though I doubt it, it will have to be admittel that 
the balance of evidence is m favour of the Hindus, showing the 
possibility of the Gieek Algebra being influenced by the Hindu Sc enee. 
This will take aback the authoi of that suggestion 

The ancient win k Ouml defines the teims pemharma as lefirung 
to those fundamental operations of mathematics as will befit a student 
to outei into the ie^ and the leal portion of the science. Acco-ding 
to it the fundamental operations aie sixteen in nurnbei. 1 2 It may be 
pointed out that Biahmagupta makes the numbet twenty and all 
olhets have i educed it to eight 

81/tamngasti/aa ! oonsidots mathematics {gam la) including per- 
mutations an 1 combinations (6Aanytt) to be very subtle ('ultma)* The 
commentatoi absolves tint t ho e subjects are consideied subtle as 
their s udy leqnues subtle intellect, Ho fuither adds that though 
pei mutations and combinations aro leilly included into mathematics, 
they have been at coaled a separate mention on account of then 


1 G Li Kaye, Indian Matlmnatm, Calcutta, 1915, p 

‘ 2 Quoted in the Juana Encyclopaedia, Abhidhana Rajendra . 
J Butra 710, 
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importance 1 * * * * * This canonical woik lias once lefeued to the “elemeuts 
ot‘ mathematics (gnn/tn^i/n cn bljdndn) 2 The autlioi piobably meant 
theieby the science ot ilgebia (/t7 ytgamhtS h'oi we have seen behie 
tbit he included topics ot algcbia in enumciating the topics of 
mathematics In the opinion of the Sub ah /angrr-sTi/i a, 3 “geometry 
is the lotm in mathematics, and the ust is infeiioi ” 

Ceilain Monsuiatton foimnlvp. 

In the ratlvtiithadluijaim-snLia bluis tjfi^ of Um<Isvati is found the 
incidental refeience to the following mensuration formula' If 0 de- 
note the cueumfeience of a euole of diameter d and aiea i, then 

(1) 0 = v/'lOd 7 , 

(2) A=\ Gd 

4 ! 


Again if a denotes the aic of a segment ot the cuele less than a 
setnieuele, a its chord and h its height oi aiiow, then 

(3) r=\'4,h(d-h), 

(4) 7i= i- {d— Vd'^ — cS), 

(5) a= s/fth 1 + + 

•6) <i=( />* + “-) /» 


1 Tina will support out paraphrase ot the latter portion ot the verse ot tlm 

Sutra 747, that i nkalpa refers to the section on permutations and combinations 

a Sthananga sutra , Sutra S73 

* 2nd Srutaskanda, cb 1 , verse 154 

Tattvarthcidhigama-sutra with the Bhasya of Umasvati, edited by K V Mody, 

Calcutta, 1903 An excellent edition of tins work together with the note! of Siddlia' 
sena Gam is in course of publication by Professor H ft Kapadla of Bombay The 

Part I, containing the chapters 1-7, , is already out, 
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(7) The portions of the eneumfeienee of the encle between two 
parallel chouls is half the difference between the corresponding aics. 

All these formula, with the exception of (4), aie restated in the 
Jambudvipasamasci 1 of Umasvati In this woik, the method of find- 
ing the arrow is stated thus 


(8) h — jb 


Multiplication and Dunum b/j faciois 

In the 'fattvarf /iddlngawa^vti (t-Uid'tija 2 ol Umasvati, theie is 
also an incidental refeience to two methods of multiplication and 
division. One is our oidmary method, in which the respective opera- 
tions aie earned on with the two numbers considered as whole 
According to the othei method, the operations aie earned on in 
successive stages by the faetois, one after anothei, of the multiplier 
and the divisor It has been found that the final result obtained by the 
either methods is the same but tint the second method is shorter and 
simpler than the othei The multiplication by factors has been men- 
tioned by all the known Hindu mathematicians from Biahrnagupta 3 
(628) onward The division by factors is found m the Tubattka 4 of 


“ wrqr q*r qTTqft^q: i ^ fq<wqp?r*wt i 

flrawrcr i ^trfq^qt^fq^q^r fk'qmvofrsi Shrifts: i 

i ^Tm ^ r 4 $qrq qifK'tfcT i 

Oh in, sutra 11 (Bha^ya) 


1 This work has been published hi tlio Appendix C of Mody’s edition of the 
Tattvarthddhigamasutra noted above 

i fswrttRTKra ■ft irPuct^ i firspfls^rr^sr- 

t silt i «r5 Jj<5t sm^j? fawnjri i ^gtfstg gwftimt 

sixmT flraw. i vrr^srfag i 

^Tf I “ 



* ii 52 

3 Brahma sphuta stddhQnta, xn 55, Brahmagupta enl Is it the Bheda method , 
others call it Vibhdga gunana Compare TI T Colobrooke, Algebra with Arithmetic 
and Mensuration from the Bansont of Brahmegupta and Bhascara, London, 1817, p 
G fn, j hereafter referred to as Colobiooko, Hindu Algebra 

4 Rule 9 


o 
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Sildhaia ( c , 750). They went to Italy in the middle ages, thiough 
Aiabia, and weie called there the “ modo pei repiego,” 1 

Umasrah 

Though Umasvati is reputed to be one of the gieatost metaphy- 
sicians of India and though he is held in high estimation equally by 
the two main sections of the Jamas, it is unfoitunate that neithei the 
time noi the place of his birth has been settled definitely up to tins 
time According to the tradition of the Svetambaia Jamas, Uma- 
svati was bom in the now forgotten city of NyagiodhikS His name 
is said to have been a combination of the names of his paients, the 
father Svati and the mother TTma He was the disciple of the saint 
Ghosanandi. He lived about 150 B.C His disciple %flmftiya oi 
S 3 £im&c&iya, the author of the Prafflapanci-sutra is said to have died 
376 years after Sri Vila, that is, in 92 B C. and his earliest commen- 
tator is said to have been Siddhasena Gam, oi Divakaia who lived c . 
50 B C The Digambaia tradition, on the other band, sometimes 
even changes his name and thinks it to be Umasvilml, not Umasvati 
Accoiding to it he lived in the yeais 135 A.D.-219 A.D Satis- 
chandia Vidyabhusan is of opinion that ho flemished in the fxist 
centuiy A D. All are, however, agreed on one point, that Umasvati 
lesicled in the cit) of Kusumapura (ancient Patallputia, near modem 
Patna) 2 


The Kusumapura School of Mathematics 

It is noteworthy that UmasvatPs name has come down to us as 
a gieat wntei on the Jama doctnnes, but not as a wntei on mathe- 
matics. He is not even known to have evei devoted himself to a 
study of this science Henoe it will have to be concluded that the 
mathematical foimulso quoted in his Tattvfo thadhtgama -sMt a-bha§ya 
were taken from some other treatise on mathematics known at his 


1 JD B Smith, Histoiy of Mathematics, m two volumes, Boston , Vol IT, pp 
101, 135 , hereafter referred to as Smith, History 

2 Vide the preface to Kapadia’s edition to Tattvdrthadhigama sutra and Peter- 
son’s Fourth Report of operation w search of Sanskrit Mss in the Bombay Circle , 
1886 1892, pp xvi-xvn, 
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time 1 The method of multiplication and division by factois must 
have been veiy familiar to the mtelligoufcia of lus time Otherwise, 
UmSsvati vvoull not have taken iecoui»e to it as a metaphoi to establish 
certain category of his philosophical speculations Thus wo come to 
learn of the existence of a school of mathematics at Kusumapura, 
near about the beginning ot the Clnisfcian eia It must have come 
into being long befoie Foi it will be lemembeted that the famous 
Jama saint Bhadiabaliu (r 150 A V or 318 B/3 ) lived at Kusuma- 
puia and was the author of two astiouomieal woiks, a eommontaiy on 
the 8 ufjfaprajiiapU and the B had mb abaci Sami US The cultuie of 
mathematics and astionomy sutvive 1 m this school up to the end of 
the fifth century of the Olmstiui eia when fbuushed the famnus 
Aiyabhota (born 476 AD) who is reputed fot hib many innovations 
in the Hindu asttonomy ami who his been almost unuumously 
acknowledged by the lafceL mathematicians as the fathet of the Hindu 
Algebra Theie is evidence to show that the uilluence of this school 
of mathematics continued uuabxted fot seveial centimes aftei 
Aryabhata 2 

Us relation mlh olhe) Schools of Mathematics 

Two other important and well known centio^ of mathematical 
cultuie in ancient India vvoic Ujjam and Mysoie The Ujjam Sishool 
included Biahmagupta and Bhaskataeaiya, the greatest of Indian 
astronomers and mathematicians, while the Southern School of Mysore 
had its lepiesentative m Mahavlulcat y-a Lt will be interesting to 
know what were the lelations of these schools with the Kusutnpura 
School of mathematics Vbout 155 A.V, (=s3U5 A.D.), a teinble 
famine is said to have devasted the lealm of Magadlu It lasted for 
12 years In that terrible time one section of the Jama community 
of Magadha, headed by their priest Bhadrabahu emigrated to Soul hern 


1 Such has also boon tho opinion of Uio commentator Buldhasona * 

sfan ict (m, 11), 

J There aro strong reasons to bohovo that there was another astronomer 
and mathematician of tho name of Aryabha(,i at Kasumaputa who was anterior to 
the Aryabhata of 473 AD Wo hoar of also many followers oi this latter Aryabhata, 
some amongst whom roso to ommonoo Compare “ Two Aryabhatas of Al-BirAnt,” 
Bull Cal Math Sog , Vo! 17, 1926, p 68, 
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India and settled near Sravana Belgola in Mysoie On Ins way he 
passed through Ujjain and halted there for sometime This tradition 
is supported by local tradition, several mscnptions and liteiatnre. The 
earliest of those inscriptions is dated 650 A D "V\ e have already 
stated that Bhadiabahu was not only an eminent lehgious teacher, 
but also an astronomer and a mathematician Thus connexion 
between the three importants schools of Hindu mathematics is learnt 
to have been established in very earlv time> But in the absence of 
specific lecords, we are not in a position to give any fuither idea about 
the character and extent of their mutual i elation. We cannot say if 
Mahavlra’s obligation to an eaily Jaina mathematician, who is des- 
cribed as Jtnetidra, or “ The Qieat Jina ” has any leference to 
Bhadrabahu This scholar pnest fully deserves that epithet 


Discoiwy of the viensm ahou foim nl <r 


It has been observed befoie that TJmasvati is not probably the 
discoverer of the mensuiation formula) that aie now found recorded 
in his works. In fact, theie aie reasons to prove that the most of 
those formula) weie known centimes befoie him. In the STaya - 
prajfiapti ( c 500 B C ) 1 and othei eaily Jaina suttas aie stated the 
length of the diametei and circumfeience of ceitam eneulai bodies 
{vide supra) These results are in accoul with the foimuLu stated 
befoie Aceoiding to the Jaina cosmography, the Jambudvtpa 
which is cnculai with a diameter of 100,000 tj ojana , is divided into 
seven parts by a system of six mountain langes running paiallel, east 
to west, at regular intervals The Jambndvipa-pt a jfiaplt (c 500 BC ) 
gives the linear dimensions of each of these parts 2 Tor instance we 
quote the dimensions of the Bhaiatavaisa, which foims the southern- 
most segment of the Jambudvlpa 3 Itsbreadtb,(i c ,theheightof the cir- 


cular segment) is 526 


1 

19 


yoyana, its length {i e , the chord of the seg- 


ment) is a little over 14471 


J6_ 

19 


y ojana , and the length of its southern 


1 Sfitra 20 

W Kirfet, Die Rosmographie der Inder , Bonn, 1920, p. 210, 

a Jamb tdvlpaprajHaptt with the commentary of S&tifcicandra Gatju, edited by 
Agamodayaaamiti of Mehasana, 1918, Sutra, 10 12, 16. 
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boundaiy (i c , the aie of the segment) is ] 15^8 — ijojana A moun 

i y 

tain, called Vaitadhva, of the depth of 50 i/ojmin , is said to be running 
through the middle of the Bhaiatavaisa paiallel to its length The 

northern and southern sides of tins mountain aie given as 10720^ 

l y 

and 9748j-~ yojarta lespecfcivelv Fuitlier the poitions of the boun- 
ding aie cut off by the two paiallel iides aie sjiven to be 488^ + 1 

1 9 38 

yojana each All these immeiical calculations piove conclusively that 
most of the mensuiation foimula) iccoided by Umasvati were well- 
known to the author of the Jambndvipaputjfiaph They also oecui m 
the ancient wotk Kamnahhavana 

In the UMcuatlhi/ayana mini (c. 300 B C), we find the following 
dascnption of IsatpiagbhSia, “ which lesembles in form an open 
Umbrella,” i c , the segment of a sphere “It is forty-five hundred 
thousand yojanas long, and as many bioad, and it is somewhat more 
than three times as many in encumfeience Its thickness is eight 
yo jan as, it is gieatest in the middle, and decreases towards the maigin, 
till it is tlunnei than the wing of a fly Th q Aupapahka-sulra 

further specifies the encumfeience to be 14239800 ?jO]ana and it is 
also said that the depth decreases an anc/ida for eveiy ijojana A This 
description strongly suggests a knowledge of mensuiation of a spheri- 
cal segment amongst the eaily Jain as 

It may be noted lieie that the formula foi the aie of a segment 
less than a sermcitcle reappears in the Qanifa-sara-samqrafta 3 of MaM- 
vira (850) and the Mahan&hania 4 of Aryabhata II (950) Aceoiding 
to the former 


a (gross) = V 5fe- + o 1 2 * 4 
a (neat) = V 0 ti 2 + c 2 


1 (J Uaradhyay ana-stttra , XXXVI 59.60 

» Aupapatthasutra , ed Leumann, ^ 163-7 

» Gamta sara-samgraha , VII 43, 73] 

4 Mah&sidh&nia of Aryabhata II, edited by Sudhakara Dvivedi, Benares, 1910, 
XV 90, 91 95 
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and according to the lattei, 

a (gross) = v'6fo’ SJ +o 2 

a (neat)= /\/^§®.^ + c 2 
v 49 

The Greek Heron of Alexandria (e 200) takes the eucumfeie ice of 
the segment less than a semieucle to be 1 

VlPTc 2 +ih 

or \/4P+c 2 + | V 4P + c 5 -c | - 

The Chinese Ch’Sn Huo (died 1075) gives the formula 3 

a=c+2^ 

d 

It will be observed that the Hindu value of the arc is older and more 
accurate than the other two It should be further noted that the for- 
mula (4) requires the solution of a quadratic equation We do not find 
amongst the Hindus, as far as is known, any expression for the area 
of a segment of a circle befoie the time of Srldhara 8 (c 750) though 
it was kno vn in Greece and China long before. 1 


rr * o T „ H6 !f' Htstory of Greek Mathematics in two volumes, Oxford, 1921 , Vol 

’ a v vr , “IS" tlU8 b ° 0,C W ‘ U ^ referred to as H8at h, Greek Mathematics 
1Q , , “ at “\ De ° el0pmmt of Mathematics in China and Japan, Leipzig, 

1913, p 62 , hereafter referred to as Uitami , Chinese Mathematics 

Tnsatm of Srldhara, edited by Sudbakara Dvived., Benares, 1890, Buie 47. 

L'LT C T r dby GaneSl (1545) ln his commentary of Bhaskara’s 

89 93, 94 G^^ra-samgraha, VII 43, 78 J, Mahasidhanta.XV 

Ilf as TaT arBek Malhematl0S ‘ U ‘ P 330 . Mikam,, Chinese Mathematics, pp. 
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Jama value 


Of nr (=v/lo) 


In the Stiryaprajnapti 1 (o 500 1$ C,) we find reference to two values 
of t r. One is tt = 3 and the othei is 7r = ^/fO The foimei is due to 
eailier writers and has been discarded by the author The latter 
value of t r has been approved by him and adopted throughout the 
eaily Jama literature 8 And it continued to be so even in the Jama 
works wntten as late as in the fifteenth centra y when the Hindus 
had discovered more accurate values 8 Hence Professor Milcami is 
not eoirect in stating that the value 77=^10 is found recorded in a 
Chinese woik before it appealed in any H'ndu work 1 For Chang 
Heng who is said to have lecoided this value fust among the Chinese 
lived iu the years 78-139 A. D 6 wheieas the SiityaprajkapU is referred 
to o 500 B.C In the Ubtaraclhyayana-sutia® (befote 300 B.C.), the 
circumfeienee is stated roughly to be a little over three times its 
diameter It is stated in the JlvahkigamamU a 1 that for an increment 
of 100 in the diameter, the circumference increases by 3i0 This 
gives 7r = 3 16 


1 $utra 20 

After referring to tlio dimensions of the solar orbit according to three older 
schools — all of which work out 7r = 3 — Maliavlra says that according to him the 
diameter of the innermost orbit of the sun is 9904.0 yojiwa and its circumference is 
315089 yo^ana and a little over (hmcidvitefiadhiha) He then states Bets of other values 

for the dimension of the successive orbits C = 3 1 5107 and a little loss 

(laiicidvueiuna) , d =99051^, 0=315125 , <1 = 100000, 0 = 318315 (kvtindmie»una), etc 
All these are clearly based on the relation 

C— Vlijld 54 

Suryapraplapti contains also other instances of the application of tlm formula For 
an explanation about the origin of the value ^10 see the author’s paper on the 
“ Hindu values of r ” ( Journ Asiat 8oc. Beflg , Vol 22, 1920) 

J For instance, Jh&bhigama- sutra, Sutra 82, 109, 112, etc Jambudvipa - 
prap'iapU, Sutra 3 , BhagabatUsatra , Sutia 91 , Tattvarthadhigama~<tutrad)hdsya, 
m 11. 

a See Laghuhsetrasamasapraharana of RatnaSekharasuri (1440 A D ) included m 
the Praharana Ratnahara edited by Bhimasimha Man aka, Bombay, 1881, verse 187 
4 Mikami, Chinese Mathematics, p 70 
6 Ibid , p 46 

fl XXXVI 59 Compare also JambudvtpaprajHapti (Sutra Ify—trigunam 
savisesam (a little over three times) 

1 Jivabhgama sutra , SStra 112, 
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Approximate values of surds. 

In the Jaina sacied books, 1 (c 500 B C ) the dimensions of the 
Jambndvlpa which is circular in shape, aie given as follows — dia- 
meter 100000 yojana , circumference = '31 6227 yo-jana 3 gavynti 
128 dhanu 13| angula and a little over, and aiea = 7905694 150 
yojana \ gavynti 1515 dhanu 60 angula neaily It will be easily 
seen that in calculating these values of cneumfeienee and aioa fiom 

the given value of the diametei, using n =^/\ 0 and the formula! 

C= v /10f? 2 and A = iCd, there has been followed a principle of appro- 
ximation to the value of a surd which may be expiessed as 

VN'=Va 2 + e =a + -l- 

Ad 

Modem historians of mathematics enoneously attnbute this appioxi- 
mate square-ioot formula to Heron of Alexandra (c 200 A.D ), 2 but 
the ciedit foi its fust discovery is truly due to the Hindus, 

Ajopi oximate values of hg fractions 

In the Jama woiks we notice anobhei kind o£ approximation In 
a mixed number if the fractional pait is greater than £, it is leplaced 
by 1 , on the other hand if it be less than ^ it is neglected So that 
for practical purpose the value of a quantity is often times stated in 
round numbers with the observation that the two value of the quantity 
is either a little more (kmcidvi&escid/iika) or a little less hf uczdvi- 
se§una). For instance, 3 the caculated value of the encumference of a 

21 8079 

circle whose diameter is 99640 gojana will be 815089 yojana 

according to the ap;>roximate square-root rule noted above This 
latter value is expressed in round numbers as “ a little over 99 815089. 

1 J ambudvipaprajnaptt, Sutra 3 , Jlvabhigama sutra, Sutra 82, 124 , Anuyogad 
vara sutra , Sutra 146 

It is noteworthy that this relation between the diameter of a circle and its 
cicumference has been stated in a general way iu the JTvdbhig amasutra without any 
reference to the JambudvTpa 
a Smith, History II, p 254 

3 fide supra , p 131, f ootnote 1, 
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Similarly the calculated value foi the cneumfeience, when the dia- 
meter is 100660, is 318314- ~~^3 and it is stated as “a little less 

636628 

than” 318315 Again foi an mciease oi decrease in the diametei of a 
35 

circle by 5—, the change in the eieumfeience ought to have been 
35 

17-- but it is stated in lound numbeis to be 18. 1 
61 


Permutations and Combinations 

The early Jamas seem to have gieat liking for the subject of com- 
binations and pei mutations ( bhanga oi iihalfta-ganita), Foi they are 
found to have employed their knowledge of that blanch of mathe- 
matics in the various fields of their thought 2 In the Bhagabatl - 
Sutra (c 300 BC), we find instances of speculation about the different 
philosophical categoues that- can arise out of the combination of n 
fundamental categories taken one at a time ( elcahasamyoga ), two at a 
time [dviha samyoga), three at a time ( tnhasamyoga ), or more at a 
time 3 Similaily we have calculations of the groups that can be 
formed out of the diffeient instruments of senses (Imranas*) , 4 oi of the 
selections that can bo made out of a numbei of males, females and 
eunuchs,' 3 ot of combinations and pei mutations of vanous other 
things G In all cases, they have succeeded to find the coriect results 


1 The ancient work Karanabhdoana remarks 
ffWTT X& *nTOT sfaRT i 


5^ 

61 


^10 s 


v 


310 x 310 
10 * 01x01 


1085 

01 


q K 

~ 17 2- approximately 


a Similar great interest for the subject of combinations and permutations was 
evinced by the early Hindu writers who applied it in the field of philosophy, medi- 
cine, astrology, and also other subjects 
8 Bhagabati -sutra (Sutra Old), 

4 Ibid, via 6 
8 Ibid, vm 8 (S 841) 

0 Ibid, ix. 32 (S. 371 4) t Of Jambudvtpa praplapti, xx 4, 6 , Anuyogadvdrq 
sutra, Sutra 76, 92, 126, 

7 
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which will be now expressed as 


6 

II 

„ G _n(n — 1 ) 

2 12 ’ 

”C 

_«(« — 1 (n—2) 

"P ,=», 

•P, =»(»-]), 

*P, 

1 

1 

ii 


After having stated the results for n = l, 2, 3, 4, the author obseives 
“ And in this way five, six, seven, ten, etc , numeiable, in- 

numeiahle or infinite number of things may be mentioned Taking 
one at a time, two at a time, three at a time, , ten at a time, 

twelve at a time, as the number of combinations are formed, all of 
them must be considered ” 1 

The Jama commentator SllSnka (862 A,D ) has quoted tlnee 
rules regarding permutations and combinations 2 Two of them are m 
Sansknt verse and the othei is, most inter estmgly, in Ardha Magadhl 
verse We do not know uptil now of any treatise of mathematics 
written in Ardha Magadhl Nor can the two Sansknt veises be 
traced to any known woik tieie is then the most conclusive evi- 
dence of the existence of two eai 1 y treatises on Mathematics which 
aie now lost. The first rule is for determining the total numbei of 
transpositions that can be made with a specific number of tilings 
( bheda-samkhya-panyfianaya ) 

“Beginning with unity up to the number of terms, multiply continually the 
(natural) mimbeis That should be known as the result m the calculation of per- 
meations and combinations ( mkalpa-gamta )” 3 

That is if n he the number of different things given, then the total 
number of permutations that can be made with them will be given by 

\ Bhagadati sutra, vm 1 (3 314) “ ^ ^ 

^rtft * i *rm 

For the Sanskrit rendering of the Ardha Magadhl original o£ this and other 
passages in thiB paper, I am indebted to Pandit Prabhat Kumar Mukerjee, Research 
Scholar, Calcutta Unrversity 

d.; a ,irr ommentary on the «»« w . 


'wrar ^qiSfifTT: qx^qxxnrrf ?rr: i 
xnpretff Wti fqqmqfmt qrer^ u ” 
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1.2.3 (»— 1)». The other rule* at.* '<n On* 

spread or representation (piiii,luiuivi l l.n‘ ipwi >). I'tio ^ Ul ®‘ n( Ul 
ra»y be rendered ns follows 

“The total numbei of poimiit itmiin bi'in;' dni h’ I hi tin hit > m, I* < * • ' ’ 1 

should be divided by the toil Tlmy di’itud b |«l i >'1 *'* * '* 1 * ),v ’ * 

initial toim m the calculations of pm mul.it ion i and 'Minim. Imu i 

The rule appeals to be erypti * , but Ml.uik.t h.i. e|.:ui\ eipl nn> 4 
it with the help of an lllustuitive example " let 1 ben* be >' mHiil'm 
of things a v (tc l ,,.. a, Then Mu* total unmbei ul pm imii.iii-m 
that can be made with them will be by t lit* prevnm mb' 1. ' >b 

1)/ oi r 1 The number ol peimufatimn which e.ui Inn mv 

particular thing, say a,, for its mi! ml digit (m/>) will be . ' «, tint i 

1 “ <1 «T*f Sf«f* «14'b( i 

M w up' sMiid « ” 

The Ardlia MagadhI veisc is (Karan, i i/ilthui 

“ 3«spmf«r ’m *wnb««i t«i *(■*!( m i 

lOTfiHr|l*' tj<M tf*ml ill! II " 

* rilianka Hays SfHr. Isfltttfifrtf'l f ~*V» l(Mt U!*ik, 

nT^TTftier ?w( fftrraf irN?t i t»4ns4 4»m4rti i Mvt 

flra'srfriPT Ripguxrfa uPnrTfjiH i m«w irkdc^M q > *, «»-t nk f d 1 {m«mi 

suer w*refi <m wf qYf*>rr*W’i*F, *t m-jiiwi wi i din: hmmm 

\ \ \ 4 

i itgf(%«tff^rcrgrRfii ticfi «<n( i irm-epif t?l 

f^arsancrf*! wfa i w «r nfimgfsMrvr n>i i <hii -lupin 'pit nd h*1 mi n 
H*r: wr i di-wui-dn *m*-i*#h«i**t; u«n! 

w: swWrti -wit' #(?n m< nt m mn 

u<*nwi *wr *m>\ biw^-unk 

^urrf*T *T*f*r i w n n iimii «f«Mi 

ftisr^rgw uivrrifiref^w^, ?tr<m<t*ro*! s d;i wrw 1 >ti'r v.bw., •|*t!^*i; 

*3^ i hi: 'jWt-r iT« i v p«- m umi, «j*r; sw *«**i h,*ih<> 

?ttar»sifaPl aittereT^ i vt«f ij^ti i mnqif.fmt't >s«<)ii«itiMti 

X liopo to bo excused for a lengthy i[milatnm. As u 'lyiteniihu ,.* In m .(hnl.n,* ,|| 
tho pertnutations with a given number of thing i limit fniml m »n> ■ li m lim.f , 
realises on mathematics I have thought the •ti-hHim .|uni.<i by ib' ( ( . , ,,, ,j . 

mg. This scheme lias slim been imb'd by Ibu.iinimlln ibiii !l>..iu .n tf> • All) ,11 
bis commentary on Anuyotjaihara-sutra, InilraVI The metlu.il id i<sb iilniing ihx 
total number of permutations is indicated in tint migmal auttn Uj. abe. Hull* H«a, 
110 ). 
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1 ) f s 0 p u t in the beginning of (r— 1) ? number of giooves. 
Similarly put a, ^ in the beginning of another (? — 1) ! giooves and so 
on Again amongst the first series of grooves, the number of sub- 
groves that can have a } after a t will be (r — l)f /(; — 1) or (r — a)! 
Place a t ^i aftei a r m those sub-grooves. The number of sub-giooves 
that can have a r aftei a r will be (? — 2) f and put it after a r in those 
sub-giooves. Similarly with a, _ 3 , a, _ j_, , a\ Again amongst 
the sub-grooves that can have any other particular thing m the thud 
place will be (r— 2) » /(#— 2) or (r-8) » and it should be placed in 
those cases. Proceeding step by step m this way in a systematie 
manner we can find out all the difteient permutations of things 


Law of indices 


In the Anuyogadvara-sutra, a canonical work written before the 
commencement of the Christian era,* the total number of human 
beings in the world is given thus “ a number (which when expressed) 
inteims of the denominations koti-koti, etc., occupies twenty-nine 
places (sthfina), or it is beyond the twenty-foui th place (pada) and 
within the thirty-second place, 2 or a number obtained by multiplying 
sixth square by the fifth square, or a number which can be divided by 
two) ninety six times It is indeed a very largo number and the 

different specifications seem to have _ been necessitated to indicate it 
correctly. 


. fi T 6 S * 5 f 11 &S J in< J* eate how th e highei powers of a numbei are 
defined in the work Of course we do not find powers other than the 


L G \ a eTr a s’- C; t?- CiJl T a?laS “ tra ’ UP8dIa ’ 1922 ’ PP 29 80 

:vu: zzjrr al r dam ad,mm - 

written a commentary on the Amvo7aTr,L-7 (b ° r “ 1080 AD) ’ who has 
which admits of two interpretations , either (1)' 1 13 a teoI ™° al term 

form a yam, la pzda Hence the number defining thlT* °* n ° tatlOIlal places 

24th place and below the S2nd place 0, m he h “ raan beings lies above the 

— - v.u .1 .. z .! L t;:; " “• “ ,h 

contemplation is stated to be lyuw between n,» t , 9 ’ 80 tha & the number in 

The either interpretation will fit iq 3tX 1 Sf * aara an,J the eighth square. 

* Anuyoga&vara sutra , Sutra 142 
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successive squares (varga) and squaie-ioots (vaiga-mnlay 


l-fc't squaio of a moans 
2nd ,, 

did ,, 


» > > > > > 


(«) 3 * * * * = tf 8 

(« a ) a = a< 
(a') a «=«» 


•Shrulurly, 


JJtli squaic of a means 

.1st' wquarc-ioot of a moans 
2nd ,, 

5 * ) ) s ) 

3rd 

7 5 J > * > ) j 


2» 


\/a = a ' 2 

V (\/a) ==a f 

V (\/ (\/ a) = a 8 


nili squaio-ioot of ^ moans a}fe u 

tt will be noticed here, as in tho later Hindu lieatises on algebia, 
that poweis of a quantity have been indicated on the multiplicative 
piineiple. So that in general 

«th varga of a means «2x2x2x ton torms = a 2 " 

Similarly we have for the vargamTila Again we find that 

3rd vargam ul a-ghnna of a means (a 1 ! 2 *) .i a 3 / 8 
1 he mode of indicating poweis of a quantity is more clearly stated in 
the Uttaradhyayana-sutra (c 300 B.C or earlier), 2 According to it the 
second power is called vaiga (“ equate ”), the thud power ghana 
( <iube ), the fouith powei varga-vaiga (“ square-squaie ”), the sixth 
power ghana-varya (“cube-square”) and the twelfth power is called 
g/ktz ttu- varga-varyo . These terms reappear in all the Hindu 

treatises on mathematics It should lie noted that in this word we 
do not find any method for indicating the odd powers, such as the 
fifth, seventh, etc. 

1 lb has been stated by tho wnfcoi m a previous papor that tho use of llio word 

m&la in the theory of numbers in tho sonso of “ loot ” occurs m tho Aryabhatiya 

(*' M ) (“On M<Ua, tho Hindu terra for ‘ loot V ’ Amer Math Monthly, XXXIV, 

» pp. 4.20-423) 1 1 is now found that the same uso began before the beginning 

t*f the Christian ora. It should be Cuithor noted that in this work tho term nvdla, has 

a concrete as well us ail abstract concept 

• XXX. xo, 11. 
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Now the number of human beings (N) will be obtained by 
multiplying the sixth power of 2 by its fifth power 1 So that 

N = 2 04 - x 2 33 = 2 9G 


-79, 228, 162, 514, 264, 3:37, 593, 543, 950, 336 

This is a very large numbei indeed and it actually occupies 29 
notational places, as stated in the woik, And obviously the numbei 
can be halved 96 times. 

We also meet with in the Aiingogadvara-sUtra 2 such statements as 
ic first square-root, multiplied by the second square-root, or the cube 
of the second square-ioo t, and the second square-ioot multiplied by 
the third square-root, or the cube of the thud square-root All 
these come in connexion with certain calculations in which each result 
has been specified by two alternative ways/* Expressed sym- 
bolically, they will be 

a 2 xc$ = (a*) 5 
and a ,l xa« = (a J ) 3 

After what has been stated above there will lemain little doubt 
that the early Jamas knew the law of indices 

a m xa n = a nnu , (a m ) w = a m n 

wheie m, n may be mtegial or fractional. 


Place-vctlue system of notation. 

Another very intei esting and noteworthy point in the passage 
quoted above is that it contains reference to the “ places ” (sikana) of 
decimal numerical notation the denommationl names hoti-lcoU, etc. 
are indicated to be leferring to the u places of numerations 77 There 


Why the base number is usuaUy taken to be 2 m this case, though it is net 
expressly indicated m the work, we cannot say 
1 Sutra 142 

3 It is noteworthy that these statements are of so general character that it will 
not be right to say that they are only arithmetical They indicate rather gene 
ralised arithmetic or algebra 
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is farther mention of a very large numbei extending over £ tvventv 

mne places - The refeienee to the " places ” of calculate (-„ 
s tana) also oecuis in the Vi/avakdra-sutia 1 All these will „tron"h 
ead to the eonalusion that the place- value system of decimal iu>tnt7 *s« 
was known in India in the centuries eailiei than the c.iuimei.eemtLt 
of the Christian era. 


We cannot say what were the forms of the numerals used hy :i# 
early Jamas That they had some numeral characters, we havci, u 
doubt Foi as early as the fourth 01 fifth century Wfoie the ('hr**. 
tlan era we find m ^ list enumerating the different written chancier 
Qltpi) known about that time,, the mention of amlahpi and 52^1 V. 
Itpi * That list has been reproduced m the PrajZtt^jn^njf, *7 ( t 
Sy&m&iya who died in 376 A V ( = 92 or 151 BXI) Th*™ tv 
names suggest farther that the forms of numerals u«ed for differ * 
purposes weie different The former refers to the numeral i:,e<l w 
engraving and the latter to those used in ordinary writing, In 
Jama literature, as also in the Vedic literature we ordinarily 6ritl tba* 
a distinction is made beeween forms of alphabets used in 
(called by the Jamas kasta,ka?m a or “ wood-wuik r? ) and in 
empts, (called pmtaka-kauna or f< book-work 3> ) 1 2 3 4 5 This reference 1* 
very important inasmuch as it shows how one-sideed and part al are the 
views of those wnteis who consider the origin and development of 
the Hindu numeials on the palseograpinc evidence only* 

It may be noted that the numerical vocabulary found ordinarily 
in the early Jama literature is in certain xespects different from that 
found m the Vedic literature Whereas in the latter there art* dis- 
tinct and special names for each of the units of different 
denominations, in the former on the other hand, the npeemr) termi- 
nologies, above the fourth denomination, have been corned by a cum- 
brous system of grouping and regrouping. * Thus we have the 
following numerical vocabulary units (elta), tens hundr^N 

(idla), thousands (saAasra), tens of thousands, hundreds of ihmmmh, 


1 Cb. 1 

2 Samavdyanga-sutra, Sutra 18- 

3 Prajndpand-sutra , Sutra 37 

11 Anuyogadvara-sutra,, Sutra 146 , compare also Sutra 10 AfiJ »U ^ 

5 Compare Bibhutibhusan Datta, “ The present mole mfmmlm •****•' 
Ind . Hist Quart, , III, 1927, pp 530-540. 
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tens of hundreds of thousands, Tcoti, tens of hoti, hundreds of IcoU, 
etc It has been pointed out by Hemacandra 1 2 that the period of 
time, called si / saprahehka, will be lepiesented in terms of the period, 
called puTm ( = 8,400,000) by a numbei as laige as to occupy 194 
notational places ” ( anka-sthane/u ) and this number is further 

stated to be equal to (8,400,000) 2 8 


Classification of numbers 

Classification of numbeis into odd (o^a) and even (yugma) occurs 
in the Jaina canonical woiks. This distinction is veiy old in India. 
For it occuis as early as the time of the Vedas (c 3000 B C.). 

The Jamas do not consider unity a number 8 Such was also the 
case with the early Greeks * Further classification of numbeis, 
amongst the Jamas proceed along their orders. Thus we have m 
the Anuyogadvara-su.tr a 3 * 5 

“What are the numbers of calculation ( ganana-samkhyd )? Unity does not 
admit of numeration, two etc are numbers They are (classified) thus sam 
khyeya (“numerable”), asamkhyeya (“innumerable”) and ananta (“ infinite ”) 
What are the numerables ? They are known to be of three orders, such as 
jaghanya (“ lowest ”), utkrsta (‘ highest”) and qaghanyotkma (“not high not- 
low," that is intermediate) What are the innumerahles ? They are of three kinds, 
such as pantos amkhyey a (“nearly innumerable”), yuktasafokhyeya, (“truly 
innumerable”) and asamkhyeyakasamkhyeya (“innumerably innumerable”) 
What are the nearly innumerables ? They are of three orders, such as lowest, 
highest and intermediate What are the truly innumerables? They are of three 
orders, such as lowest, highest and intermediate What are the enumerably 
innumerables? They are of three orders, such as lowest, highest and intermediate 
What are the infinites? They are of three kinds, sueh as pantdnanta (“ nearly 
infinite”), yuktananta ) (“truly infinite”) and anantananta (“infinitely 
infinite ”) What are the nearly infinites? They are of three orders, such as 
lowest, highest and intermediate. What are the truly infinites? They are of 
three orders, such as lowest, highest and intermediate What are the infinitely 

infinites? They are of two orders, such as lowest and intermediate Which is the 

lowest numerable? It is the integer (ru pa) two After that are the intermediate 
numerables until highest numeral is reached ” 

1 Anuyogadvara-sutra , sutra 116 

2 Ib _ ld ' S5 ‘ ra 1U (oom) CorQ P are Samaiaydnga sUtra, Sutra 84 , Jambudvi - 
paprajnapti , Sutra 18 

3 WT | 

* Smith, History of Mathematics , II, pp 26 ff. 

5 Anuyogadvara-siitra, Sutra 146 
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Now the highest numerable has been defined in the work thus 
Consider a cettain tiou^h which is ot the size of the Jambudvipa 
whose diameter is 100,000 ijojam and whose eueumfeience is 316/227 
yojana 3 gavyntb 128 (IJiann 13] angicfa and a little over. Fill it up 
with white mustard seeds counting them one after another. 
Continue in this way to fill up with mustard seeds other troughs of 
the sizes of the various lands and seas of the Jama cosmography. 
Still it is difficult to xeich the highest numbei amongst the 
numerables So the highest numerable number of the early Jamas 
corresponds to what is called A.lef-zeto in modern mathematics For 
numbers beyond that Amgogadoaut-suiui fuithei proceeds 

By adding unity to the highest ‘numerable,’ the lowest ‘nearly innumerable * 
is obtained After that are the intermediate numbers until the highest * nearly 
innumerable’ is reached. Which 13 the highest ‘nearly innumerable’? The 
lowest ‘ nearly innumerable * number multiplied by tho lowest ‘nearly innumerable ’ 
number and then diminished by unity will giro the highest ‘nearly innumerable ’ 
number Or the lowest ‘ truly innumerable ’ number diminished by unity gives 
the highest ‘ nearly innumerable ’ number Which is the lowest ‘ truly innumer- 
able ? The lowest 4 truly innumerable * is obtained by multiplying tho lowest 
* nearly innumerable ’ number by itself , or by adding unity to the highest 
‘ nearly innumerable ’ nurnbor This number is also equivalent to Avail After 
that are the intermediate numbers until tho highest 4 truly innumerable ’ number 
is re ache 1 Winch ta tho highest 4 truly innumerable ’ number? It is the lowest 

4 truly mnumerab e ’ number multiplied by the Aoah and then diminished by 
unity ; or the lowost 4 innumerably innumerable ’ number decreased by unity 
Which is the lowest innumerably innurneiablo nurnbor? It is the lowest 'truly 
innumerable ’ multiplied by Aoalo or the highest ‘ truly innumerable * number 
increased by unity Aftor that are the intermediate number until the highest 
4 innumerably innumerable ’ nurnbor is reached Which is tho highest ‘innumerably 
innumerable ’ number? It is the lowest 4 innumerably innumerable * number 
multiplied by itself and thou diminished by unity, or the lowost 4 nearly infinite ’ 
number diminished by unity Which is tho lowest 4 nearly infinite ’numbei? 
The lowest 4 innumerably innumerable ’ numboi multiplied by itself or tho highest 
‘ innumerably innumerable ’ increased by unity After that are the intermediate 
numbers until the highest 4 nearly infinite ’ is real hod Which is tho highest 
4 nearly infinite ’ number? The lowest 4 nearly infinite ’ number multiplied by 
itself and the product decreased by unity , or the lowost 4 truly infinite ’ decreased 
by unity. Which is tho lowost 4 truly infinite * number? The lowest 4 nearly 
infinite nurnbor ’ multiplied by itself, or the highest 4 nearly infinite* increased 
by Unity It is also called the Abhaoasiddhi After that are the intermediates 
until the highest 4 truly infinite ’ is obtained. Which is the highest 4 truly 
infinite ’ number? The lowost 4 truly infinite ’ number multiplied by the 
Abhavasiddhi and diminished by unity or tho lowest 4 infinitely infinite ’ number 
diminished by unity Which is the lowest 4 infinitely infinite * number ? It 
is the lowest 4 truly infinite ’ number multiplied by the Abhavasiddhi number, 
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or the highest * traly infinite ’ added by unity. After that are intermediate 
numbers. Such are the numbers of calculation ” 

It will be easily lecogmsed that the above classification can 
be repiesented by the following series 

2...N | (N + 1J {(N + 1) 2 — 1} | (N 4- 1) 2 ..{(N + l)*-l} | 

(N-hl) 4 {(N + l) 8 -l} | (N-bl) 8 {(N+l) 10 — 1} | 

(N + l) 1( \ {(N + l) 32 — 1} | (N + l) 32 

where N denotes the hightest numerable numbei as defined before. 
The series contains as recoided in the work the extreme numbers 
of each class and the different classes have been separated by a 
veitieal line 

It will be noticed that in the classification of numbers stated 
above there is an attempt to define numbeis beyond Alef-zero, The 
theory of such numbers was fully developed by George Cantoi in 
1&83. The fact that an attempt was made in India to define such 
numbeis as early as the first century befoie the Christian eia, speaks 
highly of the speculative faculties of the ancient Jama mathe- 
maticians 

In anothei canonical work we find the following interesting classi- 
fication of infinity (ananta) 1 

“Know that infinity is of five kinds, such as infinite in one direction, infinite 
m two directions, infinite in superficial expanse, infinite in all expanse, infinite m 
eternity ” 

Certain technical terms 

We find certain interesting geometrical terms in the Jaina 
literature. It is said that the modern geometrical term “semi- 
diameter 37 was employed first by Boetius ( c 510 A.D). 2 It was 
unknown m the Greek Geometry. This term is found in the 
writings of Umasvati who calls it tydsardha 3 or viqkambhdrdha^ 
Still earlier in the Aj)astamba Sidba-sutra (c 800 B C.) 5 , we have 
the term ardha-vyayama Eveiy one of these terms literally means 
the “ semi-diameter ” 

1 Sthananga sutra , Sutra 462 — jnfffT, ^5?! 

2 Smith, History, II, pp 274-5 

a Jambudv^pasamasa of Umasvati, iv 

4 ’JCattvdrthddhigama shtra-bMsya , iv 14. 
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The term ytvci foi the chord of a segment of a cncle and 
dhantyprst/ia for its arc occm in seveial early canonical woiks But 
we miss in them the term saia for the arrow. 

In the Surga-prapt&pii ( c 500 B C.) 1 occur the terms sama - 
caturasra, vtsamacatnrasra , samacatusTcona, visamacatnshona , sama - 
calx) ct'vala, vi^amacalcravala, cahicitdhacahravala and chatrahdra 
According to Weber 2 * * , they mean respectively “even squaie ” 
(grades quadrat), “oblique squaie 5 * ’ (schiefes quadrat), “even 
parallelogiam/* “ oblique paiallelogram,” “ circle,”/* ellipse v “ semi- 
circle * J and “ segment of a sphere ” 

In the BhagabaU-sutui 3 we find the geometiieal figures i try asm 
{ a triangle **), catmasia (“ quadrilateral ”), again (“ rectangle ”) 
vrtta, (“ circle ”) and j patmandala (“ellipse”) Each of these is 
again classified into two kinds pialara (“plane 55 ) and ghana 
(“ solid”). So that ghana iigasia denotes a “ triangular pyi amid ”, 
g hem ct caturasra a cube, ghandgala a lectangular paiallelopiped, 
ghana, vHia a sphere and ghana panmandala an elliptic cylinder. 
Reference to these figures occurs in other Jama canonical woiks 
also. 4 

The ciicular [annnlus is called vctlaga-vrUa Similarly the 
the triangular and quadrangular anulii aie lespectively called valaga - 
irpasra and valaga-caturasra, 

“We find three units of measuiement m terms of angula ( “ fingei 
breadth *') sucgangula (“ needle-like fin go i ”), piaiarangula (“ plane 
finger ,; ) and ghanangula ( “ solid finger ” ). It is stated further 
that the “ sucgangula is lineal and one-dimensional ; sucgangula 
multiplied by sucgangula gives pi at ai angula and pi at ar cingula 
multiplied by sucgangula becomes gh(uidngula? H ' Hence those 
terms define respectively the units of linear, superficial and solid 
measure. 

There is a very interesting passage in the Anugoagdvara-sutra , 8 
which describes how the representative number giving the measuie 

1 Sutra 19, 25, 100 

18 "Weber, Ind\8che Sunken, X, p 274 

& J5hag abati-sutra, Sutra 724-726 

* !For instance Jambudmpa~pra]napti, Jivabhtgama sutra, Anuyoqadvara-sutra , 

Sutra 144, 123 

* Amyogadvara-sutra , Sutra 100, 132, 133 It occurs m other canonical 

works also. 

° Sutra 182. 
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of a 06i tun quantity of things diffeis with the change of the unit 
of measurement. It is said that if the measure of a certain quantity 
of (liquid) substance be given by the numbei 256 when measured 
with a particular kind of unit, it will be given by 128, if measuied 
with a unit twice as laige If the unit of measurement be foui-times 
the first one, the measure of the quantity will be 64. It is also 
stated that by increasing the units, the measure can be said to be 
32, 16, 8, 4, 2, or 1 

Some of the terms connected with the series in piogression 
such as acli for the first term, gaccha for the number of terms, utiara 
for the common difference and gamta foi the sum of the series 
which are commonly found in later Hindu treatises on mathematics 
can be traced to the early Jama canonical works Another interest- 
ing teim which can be similaily traced back is mpa J It denotes 
unity also ‘ an integer/’ m the later tieatises on arithmetic but 
m treatises on algebra it has an entirely different significance as the 
“ absolute ” or “ known ” term m an equation It occurs also m 
the Bakhsh&li mathematics 2 

Arrangement of shots 

In the Bhagabatl-sutraf occurs an enumeration of the mini- 
mum number of shots ( pradesd, literally meaning “ spot ” , the 
commentator interprets it as meaning “ globule ") which can be 
arranged to have a certain geometrical foim. Distinction has been 
drawn between even and odd number of shots. The result is given 
here m a tabular form — 


Geometrical form. 

Minimum number 

Mimmum number 

of odd shots 

of even shots 

Circle 

Sphere 

5 

7 

12 

32 

6 

4 

Triangle 

3 

Triangular pyramid 

35 

Square 

9 

A 

Cube 

27 

*± 

8 

Line 

3 

Rectangle 

15 

2 

a 

Parallelopiped 

45 

0 

12 


1 Anuyogadvara sutra, Sutra 140 It occurs also in the Jlvabhigama-sutra 
s Bibhutibhusan Datta, “ The BakhshalS Mathematics ” Bull Cal Math 
Soc , Vol XXI, 1929, No 1, pp i-60 See particularly pp, 21-23. 

8 XXV 3 (S. 726, 727) 
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No distinction oi odd and oven has been made m the number 
o£ shots that can be auanged in the form of an ellipse ( jparimandala ) 
The minimum numbei is 20 and for the elliptic cyhndei the minimum 
number is 40, a ling of 20 placed upon a ling of 20 

The commentator observes in this connection ss? ^ 

trfaPSFsnifftr I This shows that the original author is 
awaie of the property of the ellipse that it is symmetrical about its 
either axis He has described the ellipse as ff a circle of the shape 
of a bailey coin ” ( t/avamadliyavrUa ) 1 


A im ong formula . 

We should conclude this imperfect sketch of the Jaina School 
of mathematics by drawing attention to a certain inaceuiate lesult 
which has persisted among the Jamas even after more accurate 
results were discovered in India by seholais piofessmg different 
faiths The area of a segment of a enele is taken as 

chord x x ,/TO 

4 

This is found in the Gantla-saia-sampal/a 2 of Mahavlra (850) and 
the LagJiu Kwtia samasa 8 of Italncsvaia Sun (1440) This formula 
is not correct and has pi obably been obtained by analogy from the 
lule for the aiea of a semi-circle, viz, 3 

diameter x — x n 
4 


Bull Cal. Math Soc., Yol. XXI, No 2, 1929 


1 BhagabatisTdra , Sutra 725 

2 VII 70J 

0 Rule 191, 




The inauguration of the Henri Poincare 

INSTITUTE IN PARIS 

On November 1928, was foimally inaugurated a now Institute 
in Pans. It was both the official opening of a new building and the 
beginning of new couises of lectuies, all to bo a pait of the faculty 

of Sciences of the Umveisity of Pans. 

The building is now leady but the internal arrangement and 
furnishing will not be leady bei'oie some time It was howevei 
considered a good thing to hold the ceiomony in the building m oulei 
to attiact public attention on the opening of the lectin os and on the 
foundation of the Institute 

It was desired to expiess the giatitude of the University of Pans 
towards those who had provided the liocessaiy means The lnstoiy of 
this Institute is buef It had been noted by the International Edu- 
cation Boaid that several opportunities had led them to give very large 
sums of money to diffeient universities in Europe and that gifts to 
French ones had been on a much stnallei scale Noting the importance 
of the Fiench Mathematical School, it was thought that helping 
mathematics in France was poiliaps one ol the best ways oi helping 
science all o v ei the world. 

The decision was taken after consultations, wlioro Professor 
Trowbridge as representing at that time in Paris the International 
Education Boaul and Piofossor BuUioft as a gieat mathematician, 
took decisive parts 

It was decided to ask Professor Emile Borol to draw up a plan, 
l’he plan, which was appioved, creates under the name of “ Institut 
Henu Poincaic ” a centre widely opened to teaching and researches 
concerning Mathematical Physics and Calculus of Piohabilities 

The new teaching positions have been given to three men. 

The couises on “ Physical Theories ” will be dohveied by Piofossor 
L6on Biilloum and M Louis do Broglie (to be distinguished fiom 
physicists of the same names, both members of the “ Academe dee 
Sciences ”)• Piofossor Leon Bullomn has made himself known by Ins 
deepieseaiches on the tbeoiy of tpianta and its applications jaud lie was 
called last year to expound them in several umveisities of the United 
States and Canada. l)r Louis de Broglie is the creator of these Wave 
Mechanics which, boin yostciday, play a leading part in Mathematical 
Physics and was the souice of many works renovating their aspects. 

Those who aie interested in theoretical Physics will find in Pans 
that, if this is a very important addition, there were already (existing) 

1 i . , i ‘.k 


( i ) 


courses on this subject among which those of Piofessor Bnllouin and 
Professor Langevin at the College de France, Professor Eugene Bloch 
and Professor Villat at the Sorbonne, 

As to Calculus of Probability, it bad alread} 7 its great exponent at 
the Soibonne in Piofessor Emile Boiel His researches on this 
subject and his personal action have done much to revive in France 
the interest in this science which owes so much to French scientists 
such as Pascal, Fermat, Laplace, Poisson, Bienayme, Cauchy, Coursob, 
Bertrand, Henri Pomcaie 

To Prosessor Boiel’s course will now be added a new course by 
Maurice Frechet, formely Professor at the Ihnveisity of Strasbouig 
His theory of abstract spaces and functions has already made him 
known in America where he was called to expound it at the Univer- 
sity of Chicago m 1924 summei quarter But he has, of late, 
devoted much attention to the Theory of Piobahility on which he 
published (in collaboration with Professor Halbwachs) “ Le calcul 
des probability k la portee de tons 99 

Let us also recall that the applications of probabilities to social 
sciences are taught m the already existing “ Institut de Statistique v 
of the University of Paris 

But the action of the Henri Poincare Institute will not be con- 
fined to the new courses It aims at being international in scope 
The attendance at these courses is veiy cosmopolitan indeed* But 
the Institute will also have an international staff of lecturers. In 
addition to the standing courses, single lectures or brief series of 
lectures will be given by distinguished scientists. Professors Vito 
Volterra of Rome and de Douder of Bruxelles have already promised 
their co-operation, other engagements will soon be published* 

Finally, as the ever increasing numbers of lecturers and students 
at the Sorbonne called for new measures, it was decided to seize upon 
the opportunity and to erect a new building wheie not only the new 
courses but all the advanced couises on mathematics will be given and 
where the mathematical library will be housed The International 
Education Board is to contribute one hundred thousand dollars to these 
expenses Baron Edmond de Rothschild contributed also twenty five 
thousand dollais and the French Ministry for Education 300000 fiancs. 

It is to be hoped that among those students and scholais who 
would like to complete in Europe then scientific education or to go 
on with their researches, some will remember that, thanks chiefly to 
American generosity, a great scientific mternatiqnal centre for Mathe- 
matical Physics and Calculus of Probabihtv has been created m Pans 
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On a Generalisation of Legendre Polynomials 

by 

Nripendranath Ghosh 
( Calcutta University) 

1 The wellknown Rodrigue’s formula for P M ( x ) led Appell* to 
consider polynomials of the type 

(1) 

dx n 


These polynomials are peculiar in this sense that they satisfy a 
differential equation of the third m dei 

x(l-x')y"' + 2 (1 -3x*)y" 

+ 3(w — 1) (n+2)xy' + 2n (w+1) (w + 2)i/=0 ... (2) 


The object of the present paper is to study a more general class of 
functions defined by the expression 


dx n x 



(3) 


where /i, v are arbitrary constants 

The above evidently includes Legendre polynomials, for we have 

w =(- 1 >" 2 ’ ,w,p * 


The polynomials (1) follow from (3) on putting /a— 2w-, v=sn 
* 4rch%p dbr Math und Phyt , 3rd Series, 1901 , pp 69-71, 


2 The following recurrence formulae hold foi the tunotions A. 
defined in (3). 


K,w=^- v) X n-V-V-i 

K,v + l,v~ X K,w + n K-l,w 


.. (5) 

. ( 6 ) 
(?) 


T proceed now to obtain the differential equation satisfied by 
A and for this purpose I shall use the above recurrence formulae 


From (5) 

X n,#i + l,r+l v ) X n— 3,/i — l,v ~0 J '+ v + 2 )\i_ 1,^ + 1,* 




— (/a+v+ 2) +( n l) x n_2,f*,i'] by (6) 

(7 ) therefore gives 

+ 0‘+*+2-2»)*X n _ w 

. . +(»—!) </* + v+2— ») A n _ 2)M> „ ^ 8 ) 


Applying (6) in (8) we get 

(A-v) =(!-**) + wX n- 1 ,M-l,v } 

a A 

+ (fi+v+2- Zn)x |a:A n _ 1 + («— l)a:\ n _ ] 


+ (»-!) 0»+H-2-iO a, /i—a.r + («-2) X n _ a(jU _ v }‘ 
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On changing fx into n + l and n into «+3, the above becomes 
a (1— ® a )\ B + 3fM)J ,+ |(«-/x+^+a)+(^+ v - 3 «- 6 -'* !! ]^n+a, M ^ 

+ ( M+ 2)(2^+2v-3«-3)a:X n + liMi> , + 0 + 1) (»+2) ( / ,+v-«)\ B> „ > „=0 

Hence X satieties the differential equation 

a (1— + ^a+2-(6 + 6)a 2 Jj/" 

+ ( w +2) (3w-2b-3)«i/'+(»+l) (» + 2 > (2n-b)y=0, . . (9) 

where a=w—/x+v > 

b = — /x — v 

tutting j«,=2m, v=», (2) follows from (9) 

If ix and v be equal then (8) shows that X^ satisfies the diffeien- 
tial equation of the seoond order 

(L -x*)y"+ 2 x(ix-n-l)y'+{n + i) (%ix-n)y=0 ... (10; 

whence Legendre equation follows on putting /i=t» 

3. It is easy to see that X n>/liP 18 °f form 

ju— 2n y k v n ( 

* Q-*) {Pn,Q +1V *' + * , »A X ' + 

- mi 

where the p’s are rational integral functions of p, v 

X gives therefore a polynomial of degree n in x ’ on being multi 
n fx t v s 

plied by 


2n — p ( 


n — v 
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This reminds ns of the biorthogonal polynomial U" n * of wth degiee 
m x p defined by 



where a >0, \> — 1, /x> — 1 andjy = a positive integer 
Let ns denote our polynomial 


2n — fx 


(f-r 


A. a particnlai case of U by L 


then from (5) we have 
* 


By means of this formula we can calculate these polynomials suc- 
cessively The following formula, however, supplies a more con- 
venient method 

Let us write 

— /i>n — v ^ 


Then - L„ =A n 0 A - 

dx n >W 0,2n — fx t n~~v n + 1,^,? 

+ ^l,2n— At,n— v 

whence 

^ (1 ^ )k W|/v , — ^ w + i jjU|I ,+ L w>/t>> , L lf 2n— /i,n— i/ ••• U®) 

i^Tow, expressing L n ^ andL n + 1 ^^ respectively in the forms 
Pn,0 + Pn f l x * + Pn,2^+ *+Pn,^ 2r + .. +P % „ * %n 
and *n+«l,0 +*n + 1,1 ** +*11 + 1,2 a * + +JP n + i >r + 


+ ^n + 


l,n + 1 1 


r a n+9 


11 See Angelesco— “ On certain biorthogonal polynomials *' C R 176,(1928), pp 
1581-1533 ™ 
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and by applying (13) -we get 

Pn + l,r =(‘^ r — a) p„ r — (2j— 2— 6) p nr _i (14) 

where, as before, 

a=n— 

6=3 n—fi—v 

4 To obtain the differential equation satiated by 

we p ut 

y 2 \?,jk — 2n, v — n 

m 1,9), 

The transformed equation then becomes 

ai 8 (l— as 4 ) 8 0 , "+i 1 “( 1 -x 4 ) :, (A+B^*) 3 " 

+ is(l- l e 4 )(C+D* 4 +B,(; 4 ) ? /+a) 4 (F + Gx 4 +m i >=0 . (15) 

where A=a+2+3g ll0 
B=3 ?1 „ —6—6, 

C=3j J>0 + 2(a+2)g 

1 > 0 » 

D=3g,. 1 +2(a+2)g' 1 ,i— 2(6 + 6)g ll0 + (» + 2)(3» -3—25), 

E=3? 1 „-2(6+6)5 1 , 1 -( w +2)(3»-3-2b). 

F=2»,i + (a+2) ?a , l -(5+6) ?a>0 + (n+2)(3 W -3-26)q l , 0 
+ (« + l)(w + 2)(2»— 6), 

G=9a,a— ( 6 +6)g a>1 + (a + 2)3 2 , a 

+ (« + 2)(3»— 3— 2b){q ltl — 2, >0 )— 2(re+l)(re+2)(2n— 6), 

H=<j' SlS — (6+6)q a , a — (n+2 (3n—3—‘2b)q in 


+ (m+1)(«+2)(2m — b). 
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Iu the above q„,, is the co-efficient oi .i 2 ’ m the polynomial 
T 

2n. v— n 

By (14) we have 

q m+1 , r =(2r-m-a)q m , r -(2r-2-3m-b)q m , r „ 1 . (16) 

whence q ll0 = — 9i,i = ®> 

< ?a,0= a ( a + 1) > ^a.i=( 1 — a ) < Ji.i + ( 3 + 6 )^i.o 9., * = &(& + !)> 

Qj ll = : ~ a< liui + (&"h 3 ) ( Ja.O) 9 s ia = (2 a )?a, 3 + (5 + 1) 9a>i> 

<h,s=(b + 2)q„, 

6 In (15) let us put 

2=F»,o+F«,i »* + •■+P«,r **' + ■•• +!>»,» ■* a ". 
then equating the co-efficient of i a r+a to zero we obtain the relation 

*rPn,r + l+0r P. ,r +Y rP. ,r -1 + $ rf, ,- a =0 , .. (17) 

where a,=2(» +1) C+2(r + l)(2r + l)A+4r(r-+l)(2i +1), 

/3 r =F + 2r(D — C) + 2r(2r — 1)(B — 2 A) — 6» (2r-l )(2» -2), 
y,=a+2(r-l)(E— D)+2(r-l)(2r- 3)(A-2B) 

+6(r— I)(2r— 3)(2r— 4), 

8,=H— 2(r— 2) E+2(r— 2)(2r— 5)B— 2(»— -2)(2r— 5)(2r— 6), 
Putting r=n+ 2 in (17) we get 

S » + a P H,n=0. 

Thus H, E, B satisfy the relation 

H— 2n E + 2«(2«-l)B-2w(2n-l)(2»-2)=0 .. (18) 

By means of (17) we can successively calculate the p’s m L n ^ y 
starting from the value of p,„, which is known from (14) to be 

(—1)" (v— p)(v— /x+l)(v— p+2). n ...(v— n+n— 1) 
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The calculation may also be staited from the end, for we have from (14) 
p»,»=(-l) n (/x + r)(^ + v — 1)0* + v— 2) .. (p + V—n + 1) 

In the case of Appell’s polynomials (1) the relation (17) is much 
simpler 

6 We give below a leawrence formula fo? AppolVs polynomials 
Let us denote the wth polynomial 

A n ,fi n,n or L n , 4 n ,* by n I A n , 


then from (5) we have 


k! ( A "»+i~ A "»)-~ 3A n + 2 1 2(» + l),» 


(19) 


Now from (6)f 

\» + 2, 2(n + l),« =aA n + 2 2» + l, n + ( n + 2)A„ + 1( 2 n + 1, n 

=n I {ft! a A"» + 2(n+2)ajA' n + («+!)(» +2) A„} 


(19) therefore gives 

A"«+i = (l— 3a3 a )A"„— 6(n+2)a: A'.-3(n+l)( w + 2)A B1 . (20) 


which in combination with the differential equation (2) yields many 
other recurrence tormulae * 

Similarly for Legendre polynomials we may deduce the relation 

P'.s=*F.- 1 +»P„..i ... (21) 


by means of the general formulae (5)-(7) 


1 E,rj , (0 6*' (l-* 4 ) A' 1 „ = 3ns: A'„ +1 + 2(n + l)(n + 2) A, +1 

-6 (n + 2) *(1-2®') A'„-a(» + l)(« + 2 )(l-Se»)A„ 

(«) 8(n + l) * A'n +S + 2(n + 2)(» + 3) A, +,-8® {(8n + 6)-(7n + 12)x'} A', 4a 
-4(» + 2)*(l-3*') A„ + i + 6(n + 2)05(1 + *') A', +2(» + l)(n + 2)(1 + 8*') A„-0, 
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7. The differential equation (9) possesses three independent parti- 
cular integrals, one of which is \ ^ y when n is lestncted to a positive 

integer The nature of the other two solutions has been studied by 
Humbert* m connection with the differential equation (2) which is 
only a particular case of (9). 

My best thanks are due to Prof Ganesh Prasad for constant en- 
couragement 

* “Sur lea equation de Didon,” Nouvelles Annales, 4th series, Vol XIX, pp 
43-451 


Bull. Cal, Math. Soc , Yol XXI, Xo. 3 and 4 (1929) 



2 

On Some Generalisations of Jensen’s Inequality. 

By 

Pramatiia Nath Mitra. 

( University of Calcutta ) 

(Read, December 29 , 1928.) 

1. The object o£ the present paper is to generalise Jensen’s inequa- 
lity so as to include m it any number of sets of positive numbers 
a , b , c , etc Jensen has treated with only one set of positive nmo- 
hers His inequality m its classical form is 

(1) )* •*,}* 

or 

(2) / 1 s CL V v } P ^ f A I a® | q for p<2 

l » 1 J (. « i 

where a v >0, and p and q are positive numbers 

My first generalisation is that expressed by Theorem I below and is 
deduced from Jensen’s inequality (1) by the application of the Cauchy - 
Holder inequality * In that theorem I have treated with two sets ol 
positive numbers a v , b v under a further condition, viz , p Xm \*Q T- 

FVom Jensen’s inequality (1) we can deduce 

(3) [ I a\ ftP | V <, | 5 <4 j ? { 3 b* } 9 for p>q, 


but I deduce m Theoiem I that 

1 


(4) 


{ | i.S j' s { s J * 1 {| »«•}■ 


where p>q and p~ l + q~' = 1 , p and q being positive numbers 

* 0 Holder, Uaber emen Mittelwertsatz {Naohruhten Oes Wise. GMtingen, 
1889, pp 38-47) 

a 
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(4) follows immediately from (3) only if p>q a , but I do not 
impose any such limitation on p and q s so that p may or may not be 
greater than q 2 

In § 1, I give five theorems dealing with the generalisations of (1), 
the first theorem being the above-mentioned one and the other theorems 
being further generalisations of Theorem I § 2 is devoted to the 
consideration of an important generalisation of Theorem I Cooper 1 ' has 
given a generalisation of (1) in the form 

(5) (}£*-*{:* 

where tffo) and $(x) are monotone (in the same sense), continuous, 
unbounded functions of x and ^ increases continuously* 

My Theorem VI deals with two sets of numbers a v and b v , and includes 

(5) as a particular case, § 3 contains generalisations of Jensen’s in- 
equality (2) analogous to those treated in § 1 § 4 and § 5 are devoted 

to the applications of previous results to positive mtegrable functions 
within definite ranges of integration 

In what follows, all the quantities a y , b y , c p , etc, p and q y and 
all the functions considered, are taken to be positive 

Where no confusion is apprehended, we write S to denote I 

1 

It is believed that the results of this paper are new 

I tah;e this opportunity to express my best thanks to Dr Ganesh 
Piasad foi the kind interest lie took m the couise of the pieparation of 
this paper 


§ 1 , 

2 Iheorem I If a v and b v denote two sets of numb er s such that 
a v b y >0 for v=sl, 2, 3... n t then will 


JL L 1 

V & ) V ^ q* , q a .f / 4 


( 11 ) {2 4 h* }*<;{* 4 }*-&$') 

where p>q and p~ 1 + q~ 1 — 1 


*R Cooper— ‘‘Notes on certain inequalities/' Journal of the London Mathe 
mattoal Society, 2 (1927) pp 169-163, 
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Proof 

We have by Jensen’s inequality (1) 

{ s«5 b p , hi }« 
s[{ s<4 )' } ' | s«! )*] 7 ] * 

(by Oauchy-Holder inequality) 

s{ Si ,r} r ' 

(id 

by Jensen’s inequality (1) 

Remark— As has been noticed m Art 1, in this result p need not 
be greater than q l \ it is sufficient if p bo greater than q with the 
condition newly imposed, viz , p~ x +q~ 1 = 1 

Illustrations— 

5 5 25 

Take p = -~- , then q = and q 2 = ~ so that p is not greater than q 2 

^2 o y 

and as such Jensen’s inequality is not applicable, but my generalisation * 
is. 

Similarly taking p = ^ ~ , etc , it is easily seen that m all 

w tB O i 

such cases p is not greater than q u The cases m which p is greater 
than or equal to q 2 are, as already stated, easily deducible from (1). 

3 The result of the above theorem is easily extended to any number 
of sets m the following theorem. 

Theorem II. If a v , b p , c pi , Jc v denote m sets of positive numbers , 
then will 

l 

C N V rV J V -Jp \ V 

{ 2 a, by c v . 1< V j 


Theorem I also holds for the generalised condition p“ l + <T 1 St 1 
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where p>q and p~ r + q - ' 1 = 1 

Proof. 

We have 



(by Cauchy-Holder inequality) 


(1-4) ssj Saf | 2bfof ... 


["by Jen sen 8 inequality (1)] 
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Again by repeated applications of Cauclry Holder and Jensen’s 
1 4) we get, 

••• • 

{ s >r}^ { 3 ^ 

{ (7 n ) ( q n " x t q nM 1 

2 dy > <; -j 2 % r <£ .... 

< ^ 2 a v 3S ] q5 ^-[ 2 a‘ J 
we have (1 2) less than (1 3) 

The result (1 2) admits of being put m a still more symmetric form 
by the above argument, which is, 

fs«. -«f 

(I®) { «rf [s.ff 

{tCfl'tf 



inequalities m 
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4 Next, let us consider the summations of two or more sets of 
composite numbers, each term m a set being composed of two or more 
factors The most fundamental theorem of this type can be expressed 
thus — 

Theorem III, If a y ,b p , c v and d v denote four sets of positive 
numbers for v=l, 2, 3, , n , then will 

{< « +«:<)}? 


< 16 , 

for p>q and p" 1 +q~ l =zl 
Proof 

{< « + 


' £ 2 ( \ b r + c y d y ) | P 


( 16 ) 


(by Minkowski’s inequality) 




by Theorem I 

5 In the above theorem, I have dealt with only four sets of 
positive numbers m two composite sets This result can, however, be 
extended to any number of sets Each term m the above, is composed 
of two numbers and the summation of two such composite sets has been 
considered Each term however, may be composed of any number of 
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factors, and the summation bo considered of m such composite sets 
In the following theorems, I will first piove it fox m sets with two 
factors, and then generalise the result fox m sets with k factors 

For the first case, let us consider the sum 


2 ( ci v b v + o v d to m such terms) 

v==i 

which can be put conveniently in a more symmetrical : 


„-l M=1 


Then we will have to considei the sum 


(i( 


A ^ 


and this is easily seon to be 


n , tn 

s ( s 

\ /*» 1 


a (XV bfAV 


m n 1 

which again < 3 f 2 / b P l v 

M-ll y-1 


(by Minkowski’s inequality ; 


m c n j \ 1 , a „ v l n 


by Theorem I 


Thus we get 


Theorem IV Ij so, >0 /» M =i, 2, 3 
* / =l, 2, 3 w, then will 


m and 


c n , m s -s ! 


162 


P N MITBA 


m ( , n „.l / n ..l'v 

(1 7) s ,i, { ( .1/-’ >’ ( ,2i b '- y } 

where p>q and jp" 1 +q~ l =1 

6. In general, let as consider the bum where each term is composed 
of k factors and thus of the form 

^ixv b(j-v 

The corresponding theorem can be enunciated thus — 

Theorem V. If a iUV , K ^v be each > 0, 

then will 


t n / m \*1 m C n > N 1 

<18) { A(A nv )} ?s A{ n i ii 

where p>q and p~ 1 + q~ 1 =. 1. 

The proof is very simple and follows immediately from Theorem 
II with the help of Minkowski’s inequality on the lines of Theorems III 
and IV The result (1 8) corresponds to (1 3), those corresponding to 
(1 2) and (1 5) can also be similarly deduced 


§ 2 

7 In this section, I proceed to prove an important generalisation of 
the Theorem I Cooper’s generalisation (5) of Jen sen’s inequality (1) 
follows from the following theorem as a particular case with one set 
of positive numbers It can be stated thus — 


Theorem VI If ^(a?) and ^(cc) 
increasing functions m x >0 and 


be two monotone , continuous and 
continuously increases 9 then will 


( 21 ) 


Proof 

Since increases continuously we have ^(cc) <- <$>( v) 


Put ^(aj)s/c(oj) $(aj) 
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Then since <E>( r) is an increasing function of x, we have 

\ ) £ S $ («„ K ) 

••• «„ b v \ )} 

Hence S b v ) s2 <!>(«,, b y ) k(« v b y ) 

^ S^K *, ) 4*' 1 {S *(«„ K )}] 

*[*" 1 {2 $(«„ b y )}] 

^ 3 * {av K) )}] 

£*[4>-i{S*(a y b v )} 

(2 2 ) .. #-*{*»(«„ b, )} <£ b„ )} 

^$- l {S $(a r ) «-(&„ )} 

£»-»[*-»{* $*(«„ )} *-*{5 **( 6 , )}] 

(by Cooper’s generalisation ol Holder’s inequality*) 

(2i) **(«„)} )} 

Cooper’s result) (5) is easily deduced from (2 2) In the result (2 1) 
the functions $ and 'l' are modified by the restrictions laid down by 
Cooper and Hardy, namely that either 

${x)=x<t>(x), ’8 , (®)=a#c), 

or 

$(x)=U(t)dt, <Sf(x)=Jip(t)dt , 

0 0 

<f>(x) and ip(x) being continuous increasing functions of x, differen- 
tiable everywhere, which vanish with a; and are inverse to one another, 
so that 4> and ip arc of the form A*” 

* R Cooper— Note on Cauchy-HSlder inequality, Proc London Math So e 26 
(1927), 416 482 

—Note on Cauchy- Haider inequality, Jour London Math Soc , 8 
(1928), 8 9 

G H Hardy— Remarks on three recent notes in the Journal, Jour London 
Math. Soc , 3 (1928), 166.169 
Francis and Littlewood — Examples m Infinite Senes, 
f See p 2 
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S 3 

H. I„ the foregoing pages I have considered generalisations of 
Jensen h inequality in the form (1). Now I propose to give similar 
genomI.Hat.ons from the form (2) The results are similarly deduced. 
I he theorem corresponding to the Theorem I can be stated thus • 

TiieoKKM VII. [j a v >0, l) v >0 denote two sets of positive 

number then will 

(ul > 

whetc pKq and 

Proof. 

I 1 

W„ h»v» [ is g «J }''<;[ is hi J « 

(by Cauchy-Hblder inequality) 

o-o {1*4*}? 

( M) s{la4'} ,T 

It in to bo observed in this connection that unlike the previous cases 
in this theorem as also in what follows p is not greater but less than q 

9 Next lot ub generalise the above to include any number of sets 
The results aro slightly different from those of the previous case, and 
from what has been shewn before these appear evident, 
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Theorem VIII If a„ >0, b v >0, c„ >0. •, .k v ^0 denote 

m sets of positive numbers, then will 


(3 3) 


{ I s «? It 4 ■/, if. ] p " 


(3 4) 


wheie p<q , andp~ 1 +q~ 1 ~ 1 

Proof 

1 

{ is.: bi f, v 

si 1 - s»;”i r 'ii s 

n \ n 


=U**T{. la “T 

ivheie p<q, andp~ 1 +q~ 1 ~ 1 


bW 4 ' 1 *■ 


1 

[by (31)] 

by Cauchy-Hol&er and Jensen’s inequalities 

Proceeding witli repeated operations o£ the above inequalities we 
have ultimately the above 

<s8, .. {i x,f} ? { i *.fp 


(3 4) <; | i as af | 9 


by (3-2) 
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It is also easily seen that (3 3) is 


(3-5) 



l 

n 




Q° 






} 


g w+ 1 


_ f I Q m+l \ ^ W+1 ' 

(3 6) <£ XI 3 i a 4 i 

10 As m cases of Theorems III-V, the results of the Theorems 
VII and VIII admit of being applied to composite sets of terms The 
lines of proof are based on similar lines and it will suffice to formulate 
the theorems only, I shall prove for the case where each term is com 
posed of m factors and summation of r such composite sets axe dealt 
with 


Theorem IX If a v , b p , c v and d p denote four sets of 'positive 
numbers , then will 


£ +cu : ) \ 


(3-7) ^ j 

1 1 ? J*' 

~ A a v 

1 n 

% » 

n 

n j 





(3 8) 

” 1 q n " 

2} a v 
n 

s. * * 






+ {->-y‘U 24 T 


where 

p<q 

and p" 1 +q~ l = L 
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Theorem X If ^>0, 6^> 0 for p=l, 2, B, 
and v— 2, Bj***^, then will 




(8 9) 



1 1_ 

(310) 

f 1 s a &0«~ 

^2xl» v-r '“J 


where p < q ctnd p~ 1 + 1 =1 

The proofs of these theorems are easily deduced 

Theorem XI If a vp , b vp , o vf . .. K p be each > 0 /or v=l, 2, 
3,...n and p= 1,2,3, ..r, then will 

r » gs”) ( 1 ™ ,d» "I 3“ |1 l ^ \ 

<311! s A{*ii“' p } K-M •"{■,?> J 

1 

r /- / 1 » o“ + ‘\ a” +l ") 

(3 12) < ) I 

wheiep<q andp~ 1 +q~ l = 1 . 

Proo/. We have 


1 

* ->p 


s a(» Jr-} f 


(by Minkowski’s inequality) 


168 


P N. MMtoA 



by (3 6) 


Results corresponding to the forms (3 3) and (3 4) can be easily 
deduced 

Those arc tlio moat go no nil loirris oi tlio inequalities considered m 
tlnsj-iection and include the Theorems VI1-X as particular cases 


§ 4 

Applications to Definite Integrals 

12* The rest of the paper is devoted to the applications of the results 
of tlio foregoing theorems to positive mtogiablo functions within 
definite ranges of integration. 

Firstly lot us consider tho results oi § 1, and soo if they admit of 
being applied to intograblo functions Those corresponding to § 3 
will bo considered m § 5 

Tho theorem corresponding to Theorem 1 can bo enunciated as 
follows, and let us see tf tho result holds m the case of positive mte- 
grablo functions, 


Thkohkm XII if f(x) and g(x} be l wo positive iniegrable func- 
tions m ,e i <; x <» x-o, then will 


(li 1) 


it 





1 

V 


^ sr u J v J 


1 


where p > q and p~ x + < 7 ~ l = l 
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Proof 

Put /„ (x)s=f(x 1 +vh) 

and g y (x)=g(x 1 +vh) 

where — 

n 

Then we have 

a ? 3 1 

a?! ' 


0=1. 2, 3 w) 


Lt 

/t— >0 



? p 


F 


i_ i 3L 

^Lt / { 2/f }? { 2 sf} 9 \by(l 1) 

fa — v J \ J 

Lt h p ~ q ‘ { / . (J [^)] 9 ‘^} 2! 

^—>0 ^ a-n J r* 

Now (4 1) will hold if 
1__2 

Lt })? ^ can he shown to be equal to 1 or some positive proper 

k— >° 1 2 

fraction But as h is an infinitesimal, — — > must be>0 This com- 

p g a 

bmed with the two given relations between p and q, gives p*=gf = 2 
Thus we get as a paticular case, 

% i, 

(4 2) -f J [f(x)g(x)¥dx j- 2 

x, 

i 


— 

{J[g(x)V'd,y 


where p = q=:2, 

Thus we see that the result (1 1) does not hold good generally m the 
case of integrable f auctions This is also evident from the fact that 
there is, no simple inequality for integrals corresponding to Jensen’s 
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inequality (1) With the help of Jensen’s inequality (2) howevei, we 
can deduce an inequality in integrals analogous m form to (1) but 
opposite in sense and further* the range of integration is limited 
to (0, 1). 

For we have 


®i 

1 1 

2£ ( x a~ x i) V 1* by (2), 

n— >=» in ) 

where r p<q 

1 1 ®i 


which can he 

Thus we have 
(4 3) 


(**—»■ o p 2 | /c/w] 9 ^* j- q . 


2 — * 

^ £ J 3 only m the rang© (0, 1) 

i 1 1 1 

{ / ] P ^ [ J Lf(*)fdx ] ? 


where p<g, 


13 Now let us see if with this modification, analogous results can 
be obtained. 

i 

Consider the integral / [f(.x)g(x)f dx 0>1) 

0 

By the application of Cauchy-HOlder inequality, we have 

1 1 1 j ^ 

/ [f(»)ff(»)] p Ar s: {/[/(*)f^}p {/ 

O n ^ ^ 


where 1 -f-g"" 1 =1 
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Hence 

{/ [/('M-Of {/' U(>)] pi dx\^ fj\g(,)] pq d,}h 

0 o J o 

L l 

{f[9(')] q2 <l<y, by(4 3) 


where p<q . 


Thus we get 

Thborem XIII, !//(*) and g(&) be two positive mtegiable functions 
m 0<;aj^l, then will 

(4 4) U\j(‘)g(*)] p dt 

^ 0 

ssf j\n>)fd4 q '{ f W'rf'd*}' 1 * 

where p<q and p” 1 -Hy -1 =1 

14 As in previous cases, the above result can easily be extended to 
any number ol integrable functions, but as regards the indices the 
results will correspond to the results of § 3 



Theorem XIV I//(«t)i y(#), <£(#) 0(<) and A( i ) any positive 

integrable functions m an number, m the interval <;1, Men 


[ /'[«-)?(') 
^ A 



(4 5) 



[/(')] 9> ^ 
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('4 6) £ { /'[/Wf 9 " - { f W' >]«“«*»} *’ 


where , as before, p<q and p~ x + g -1 =1 


Putgr(x)^>(t) .../c(f) = A(c) 


[/ [/(%(') K*)] P ^*| P 

= | J [/(*) a(oF^b| 


I J 1 by (4 4) 


[ / [/(* 1 9 | J [?(*) 


L 


[where A(x)=g( /)B V r)] 


] 

[ / [BU)]^^ 


(by Cauchy-HSlder inequality) 


{ /V(*)] s v} qS ■[ f or#)]*'*# J 9 “ J f [B(*)] 9 ”d., j 9 ‘. 



SOME GENERALISATIONS OF JENSEN’S INEQUALITY itS 


Proceeding in the same way, and by simultaneous applications of 
Cauchy-Holder and Jensen’s inequalities we ultimately have the above 


(* 5 ) £ { y* { fwrrfdty* .. .. 


and since 


{ f [A‘)fdry f W'rf'd, J 


I f [/(0] 9 j 9 , 


the result (4 5) is easily seen to be 

1 


(*•«<;{ j'[K»)fa*y m f flg^dcV, 

^ 0 ^ ^ 0 ^ 

L 


Also we have the result (4*5) 
1 


(4 7) [ gix^d.y 

0 0 

{/ [K*)] 9 ’* 1 ^}' 

0 

(48) <;n£ fu^)f +l dx^ . 


1_ 
|**+ 1 
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15 In Theorems III V, I have treated with composite sets of 
numbers. Let us now do the same with mtegrable functions The 
theorem corresponding to Theorem III can be put thus — 


Theorem XV If f(x), g{x), h(x) and k(x) be font positive 
miegrablo functions m 0<;£C<1, then will 

l 

| f[I P (*) 9 P (* + ^ P (*) kP (•)]<*» | P * 

1_ 1 

<4 9) [/ [ff ( 0J fl | ^ 

l 1 

where p<Q and pT 1 + cf 1 = 1* 

P'toof Wo have 

1 

[f \J» (») g> ij)+h* (0 k? (OH* } P 

o 


1 

^ I f |/i*)'/Ce)+K#) 

V. 0 

1 1 

<£-[ /'[/(•') +{/W) &(*)]* ^} P 

(by generalisation of Minkowski's inequality f) 


* Hero /" (x) m meant to denote L/Ca?) J p and not ^ ^ /(as) as it often doei, 

f § 91- Auf()<iben und LehrsUze aus der Analysis I Bd XIX 

— G Polya und Gh Szegd, 
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L — 

(49) ^ [j* [/Ce)] 9 ”*!^ jj [gix)]* 1 dzj- 

0 0 

+ {/W)] 9 ’<^} {x^dxy', 

0 0 I 

by Theorem XIII 


In this theorem, I have considered only four different functions m 
two groups, each consisting of two functions As m Theorems IV and 
V, this result also admits of generalisations m analogous forms The 
theorem corresponding to Theorem IV amounts to simple addition of 
several composite terms, each of two functions on the lefthand side and 
their corresponding terms on the nghthand side. The proof follows 
easily, and is based on exactly the same lines as those of Theorem XV, 
It is left to the reader It, as also Theorem XV, are generalisations of 
Theorem XIII which they include as a particular case I shall prove 
it now for the more general case, namely, where each term is composed 
of m functions 

16 In what follows / (x) p , p = l, 2, 3 r, denotes a series of 

functions fx) x , /(se)j» * the functions themselves having no 

necessary relation or connection with one another 


Theorem XVI If fix) , g(x) , h(x) hem senes of positive 


mtetjrable functions m 0<[a;<S 1, then will 

If 3 [ T^) p 9W p • • 


0 P =1 


Hx\f **y 


(410) <; 5 y\f(x' p fd x y . {/[/as),]' 1 dx j 


(411) £ 5 | J\f(x) p ] qm d x y }/ 


where p<q and 1 4- q~ 1 = 1 
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Proof 

We have 


5 [/( <c\ g(x) 

p= i 

h a;^] P ^ x j^ P 

■ r 

t 

~i p 

3 f(x) g(x) . 

■9= i 

...,7c x) p dx V 

[J \J(*\ 9(x) p 

0 

3 

Ux) p f cJac j 1 


(by generalisation of Minkowski's inequality) 
1 . ] 


( 4 . 10 ) 5 

P- 1 ^ 0 o J 

{J\u*\f*c} 

[by (4 5)] 

1_ 1_ 

'4ii) <; ^ [/'[/( o p i a V ] 9 ” {/uh ] 4 “<fcj a " 


[by (4 6)] 


Also we have 


{/^[ftaO, g(*) p . k(,) p -f d«y 

( 412 ) ^ {fw/dxy . 

[fim p f" 

by (4.7), 
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This theorem is the most general one of the type considered and 
includes all the results of theorems XIII-XV as particular cases 

§ 5 

17 Unlike the previous case, the results of § 3 can all be applied 
to lptegrable functions and from what has already been discussed m the 
foregomgpages, the applications to positive integrable functions are quite 
evident The difficulties of the previous case do not in the least arise 
here I shall briefly discuss the case of two functions m Theorem 
XVII, and then generalise for any numbei of functions and finish this 
discussion with a proof for the case of senes of composite functions, 
each term being composed of m functions 

Theorem XVII If f(x) and g{ x) be any two positive integrable 
functions m <; x <; x 2 > then ivdl 

A/m j*’]'*'}’ 

<M) £ /'V' 

1 

/ 2 

where p<q and p"" 1 +q“ l =1. 


q s <— 

faW] dxj 1 

x, ) 


Proof 


Using the notations of Theorem XII, we have 



^ Lt 
n — ^oo 



S' 

( n 


s/V 

V V 


r 


[by {3,1)] 
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/"‘[/I a)]"'**. 1 9 


* 9 f a* 

[?(<)] W 9 


which again, as in (3 2) 


(52) ^ | ~ / [ /(*)] 9 *» } 9 { y^~rf foM 4 ] 9 

A** - '! Sl 1 a . 1 •> 

18 Tins result is easily extended to any number of functions and 
the corresponding result can be thus enunciated 

Theorem XVIII If f{x)> g(x), <i>{x) h{x) be any m positive 
tnlcgrable functions m x k <; x <; x 2 > then will 

f r LAO g(«) M fc(*)J P 1 p 

I , 

(5-3) <s{ — i- f'lMfd*}** 

\' 1 * X 1 X x ) 

/’’ wrf'*}*’ • ■■ 

■ ■ {jrb, / iW*}' 


AW 4 *}*' 




as 6e/ore, awd p"" 1 d-g^ 1 =1* 
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These, as also othei analogous results, can be deduced very easily 
with the help of the previous theorems 

19 This paragraph is devoted to the consideration of senes of 
composite functions The cases wliei e each series is composed of two 
or three functions are easy to deduce I will prove foi the most genoiai 
case, namely, with r senes of composite functions, each composed of m 
functions. This corresponds to Theorem XVI of the previous case It 
is stated thus — 


Theorem XIX If f{x)p, g{*)p, . H^)p be m senes of positive 
i ntegrablc f auctions in x x <; x <, then will 



(5 6) 




1 

<r 



wheie p<q nvtl +q 1 = 1 


Pr oof . 

We have 


t. 


1 /•• i 

X , P = l 


J(*\ <jU\ 



i 
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by (5 4) 


Results corresponding to (3 11) and (3 12) also follow easily 

20 Some of the results of this paper admit of further extensions 
and developments which will give rise to very interesting re- 
sults. 

Bull. Cal Math. Soc , Yol XXI, No. 3 & 4 (1929) 
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Flexure of a beam haying a section in the form of a 

RIGHT-ANGLED ISOSCELES TRIANGLE 


BY 

Bibiiutibhushan Sen, M Sc 

{Calcutta) 

TRe problems of the bending of beams by transverse terminal loads 
have been solved only m a few cases of sections An approximate 
solution of the problem for the section of the foim of an isosceles 
triangle was given by S Timosclienko * in his paper on “The floxuio 
analogy of Membranes ” In the present paper, I have found exact 
values of the stresses m a uniform beam bent by a terminal load when 
the section is a right angled isosceles triangle. 

We suppose that one end of the beam is fixed and forces are applied 
at the other end which are equivalent to a single force W passing 
through the centroid Or of the section We take the ongm at the cen- 
troid of the fixed section, the axis of n along the central line and the 
axis of x perpendicular to the hypotenuse of the nght-angled triangle 
forming the section. If the axis of y be taken parallel to the hypote- 
nuse, it is found that the axis of x and y arc parallel to the principal 

axes of inertia of the cross sections at their centroids We resolve the 

force W into two components W, and W„ parallel to the axes of and 
y and find the solutions for the two different cases separately The 
solution when both of them act is to be obtained by combining the two 
solutions 


* Lond Math Sog Proc (Series 2), Vol, 20 t 
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Case L 

When W x acts along the axis of t and there is no force along OY, 
we know from Love’s Elasticity* that the eqmlibrmm can be maintain- 
ed if the stresses are such that 

X a =Y v =X J/ =0, 


Z, = -W x (l-*) f, 

■tl 






where Z= length of the beam, I t , the moment of inertia about the 
y-axis. 

<j) is the torsion function for the section and Xi w a function which 
satisfies the equation 


9 a Xx ■ 9 °Xi -n 

a> dy 4 


• ( 1 ) 


at all points of the section 

and = ~ ^ cr( 2 + ^1 — ^2/ a J cos (r, v)-(2 + o < ) ,>$/ cos (*/, y) 


( 2 ) 

at all points of the boundary 

t is a constant of integration which can be determined by making the 
moment of the stresses about the central lme vanish 


Fourth edition, p 382, 
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The function <j> for the section was found m a very simple way by 
0 Kolossoff,* who took a different system of axes 

With reference' to our axes 


4>=xy-\-a.y+9 a a ^ ^ 


2 

n = o 


( — 1)”’' 


(2rt + l) 3 smli 


£cosh 77 (y — ^ + a ) sm 77 (2/ + £ — a) 


+ cosh ^± . L tt (y + a-a) sin ?r (y — 3 + a) J 


where a is the perpendicular distance of the hypotenuse from the cen- 
troid and the equations of the sides are 

x = a, 

y = x + 2a, 

and y = — -(a; + 2a) 

The problem now is to find x% such that 


9*Xi 



... (1) 


throughout the section 


and ^ = - [-| « a + (l-~ 2 )y a ] when x=a, 


( 3 ) 


9Xi ^. QXi = — (l + <r)*‘ — 4a trx+2a t (2— a) 

a® 9y 


when y=x + 2a ... (4) 

and ^ = (1 + tf)® 4 +4ac*— 2c* 4 (2— <r) 

0® 9y 


when y~ — (« + 2a) .. (5) 


* Pant C. R 1 178 (1924). 


Let us assume 


Xi=A 1 a: + B 1 (a: l! - 2 /- ! ) + C ) (,i 8 -3 xy*) 

,t> 108a 8 “ (-1)" r , nir 

+Pi — — 2 — tt cosh ( x + 2a ) 

* n = i w 3 smh mr [_ oa ' 


cos 


mry 

3a 


+ cosh 25 y cos 25 + 2 a) 1 

oa 3 a J 

Now since throughout the interval 3 a>y> —3 a 


. ( 6 ) 


y 


8 —3a 2 = 3 ^ n 2°° (--1)1 cos VH3L 
7t 2 n = l /z 2 3a- 


we find that all the conditions (1 , (3), (4', (5) are satisfied, if 
A 1 = -2a‘ 

B 1 =acr 

0 x =l±l 

1 6 

p _ 2cr— 1 
1 2 

J 


(7) 


Case II 

When the force W 2 acts along the axis of y and theie is no force 
along OX, the requisite stress components are given by the equations # 



W 

2li+^i7 

w 

2a-Hr)I a 


[^+(2+,:«sj, 

[If 


Z,=— ( l—z)y , 

J-a 

x,=T y =x,=0 


Love’s Elasticity, 4th. Edition, p. 843. 
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Here I a denotes tlie moment of inertia of the cross section about the 
a>axis and <£ has got the same value as before 

Xa is a plane harmonic function which satisfies the condition 
^L»=— (2 + 0 -) xy cos (r, v) — [■£ cry* + ^1— * ^ cos (y, v) 
at the boundary 

This boundary condition reduces to 

—A? = — (2+ cr) ay when x~a (8) 

O & 


9Xa + 9Xa 
9^ 0 y 


= (l + cr)aj 2 + 4ac — 2<xV when 7/=t-f2a 


(») 


9x a + 0x* 

d® Qy 


(l + o'),6 9 — 4a< +2a 2 or when t/= ■—(-# + 2 a) 


( 10 ) 


Let us assume 

x, = A „ * + B , (a 8 — y 5 ) + C J (*» — 3.<y 3 ) 


+E 108^-r ( -1 V r eorf> ^(, +aa) „ 

7T 3 n = l W 8 Sinh W7T L da 


M7H/ 

3a 


+ cosli w g-cos ™(, + 2a)] 


+Qi 


144a 1 


(- 1 )* 


77 w 0 (2w + l) 3 cosh — ■‘tt 


smh 7T (a? + 2a) sm tt*/ 

6a 6a 


+smh— ^ gy sin ?r(t+2a) J ... (II) 


2 ^ + 1 


Now since between the mteivai 3a>?/> —3 a 


2/= S ( — l) tt — sin 7 t?/, we find that all the 

J n= 0 (2n-fl) 2 7r 2 Ga ^ 

ditions (8), (9) and (10) are satisfied, if 

A a =2a a , 

*B g =:: Q) 

P 1 “H cr 

°a > 

P — 1 + ^" 

and Q* = — (2 + cr)a 

Bull. Cal Math Soc , Vol XXI, Nos 3 & 4 (1929) 
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On the integral equation op bessel’m punction J n (a:) 

BY 

Baj Kishore 
(University of Calcutta .) 

Integral equations corresponding to various well-known linear 
differential equations of the second order, except the general equation 
of Bessel, have already been found The object of the present paper 
is to find an integral equation for Bessel's function J n (?) directly from 
the differential equation It is believed that the results obtained are 
new 

I take b his opportunity to express my best thanks to Piofessor 
Ganesh Prasad for his encouragement and interest 

1 Consider the equation 



where u together with its first two derivatives is continuous m the 
interval (0,1) Equation (1) can evidently be pntm the form 

fx ( X -S ) + ( Z -s)*=° 

and is therefore self-adjoint * 

Substituting X= V\x m (1) we get 

s( '£ )- r “ +x '“=° - < 2 > 

or 

L(w) *+• A » w=0 ... (3) 


* A B Forsyth, Theory of Differential Equations, Pt, III, Yol TV (Cambridge, 
1902), p 155, 
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where 


t / d ( du\ n* 

LW -*( '*J~“ 


Let us suppose that the boundary conditions are 
ti(0)=0, and?t(l)=0 

2 In order to construct Green's function K(x,t) we observe that 

dJK d 2 K 

(a) K is continuous m the interval (0,1) , (a) — and ~ — - are conta- 
ct d ( 2 

nuous on (0 ,£), (t,l) sepaiately, and also L(K)=0 on (£,1) 

separately 

(«») K'{t—0)— K' / + 0)= 1 — , where K'=|? 

t 9 1 


Now L(K)=0 gives 


KM = 


A o ,k- + B 0 d-“, 

t<,x<, 1. 


Because of the boundary conditions and the properties of the 
Green’s function we have enunciated above we must hare 


2n 


(i a —t—)x n , 0<; r<;f 




-a. <s-si 


(i) 


3 We can easily show the equivalence of the above boundary 
problem with a homogeneous integral equation thus: 


We observe that 
and 

from which we get 


h{u) = — -Am 

L'K)=0, 


wL(K)~KL(w)=XKw 


or 


dx 




ON THE INTEGRAL EQUATION OF BESSEL ’S FUNCTION J n (x) 189 


Integrating the above from 0 to £—0, and from tf + Q to 1, taking 
account of the restrictions placed on K and n , and also noting that * 
R o (w) = 0, R 0 (K =0, R 1 (w) = 0, R l (K) = 0 J we have 


u( <) ==A I K(<< ,t) b u(t)db, 


(5) 


where K{x,t) is given by (4) It may be noted that as usual the 
equation (5) cau easily be converted into one with symmetric kernel 
on multiplying both the sides by Vu 

4* The most geneial solution of the equation (I) is given by 

u=AJ n (X) + BK n (X), 

hence the solution of the equation (2) can be put in the foi m 
A J M 0? “vOl) -f* B K n ( ju V\) 

Now since u(Q) = 0, B=0, also because w(lj=0, we have 
J.KX) = 0 

whose roots will give the characteristic constants These roots are 
positive and infinite m numbei The fundamental function corres- 
ponding to the root X k is given by 

0=J.(*^a) . (®) 

5 In order to verify that the equation (5) is the integral e^u^stion 
for J H (a, VX ),let us substitute the value of </> k ( <) from (6) for u(i) m 
(5) Thus 

i 

JJxVX k )-X k 1 K{c ) t)t3 n (tVX k )dt 


)=*,j 


=-x. 


2« 


I 


1 J„ tVX^dt 


* Here R 0 (u) = au(0) + 6 £ **(*) '^J 

»,(«)■•,«(!) + £ jL «(*) J 


$•=-0 

x~ I 


eimilarly B 0 (K) and R^(K). 


I Ji I 111"' 
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» 

= -***• 1 **+iJ„(^A~ t )^+*-‘ •»” l t'+'.hit^dt 

2 n J 2>n J 

0 

V‘ 


2 n 


Now since* 


and 


^[c"J,(a ; )] .— l ,.j n _ i(a . ) 
ax 


d i£^M\=- s -*; ;r„ +1 (.,) 

dx 


) have 

J n (x VX) « ^ — - J n + 1 ( v'A a )H — ^ J» +l (* v'X*) 

= a/X*) + J„U VX A ) 

= Jn(^v'X~) 

Thus we have proved that 

J n (x\/\ k )=X k ( K(r,£)tfJ„(£ Vk h dt 


* G- N. Watson, Theory of Bessel Functions ( Cambridge , 1922), p, 18 

Pp.11 Cal Math Soc , Yol XXI, Nos r 3 <fc 4 (1929). 
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On the bending of a loaded elliptic plate 


By 

SUDDHODAN GHOSH, D.Sc , 
(Calcutta University ) 


In a recent paper * Happel has given the solution of the problem 
of bending of an elliptic plate loaded at the centie The ob]ect of the 
present paper is to obtain the solution of the same problem when the 
load is concentrated at a focus 

1 In a plate slightly bent by transverse foices, the noimal 
displacement w of the middle plane of the plate satisfies the equation 1 

DV*>=Z' ... (1) 

where Z' is the load per unit of aiea and D is the flexural rigidity of the 

o T?7, «? 

plate and is equal to - ~~ — 2 h being the thickness of the plate 
r 3 1 — <T 2 

At points where theie is no load, 


if we take 


V*w=0 ... (2) 

”=-g® •" io<! ’' <s > 


as a solution of (2), r being the distance of any point from the origin, 
we have 

V >=-27D (1 ° gr+1) 

and theiefore the normal shearing force N at any point 


= V> 

Or 1 


= W 

2 wr 

thus showing that the resultant shearing force on the part of the plate 
withm the circle of radius r is W Hence W is the load at the origin 


# Mathematische Zeitschnjt, Bd , 11 (102L), p 194 
J Love, Theory of Elasticity (3rd ed ), p 492. 
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2, If we use the transformation 


we have 


ju + iyzzc cosh {a + ift) 

0 

r =o cosh a cos ft , y=c smh a sin ft 


si=(fr )’ + (l! )' = r ('»» h2 “-“ s2 ^ 


.. ( 4 ) 


The curves a=constant and /?= constant are a set of confocal ellipses 
and hyperbolas respectively The foon are given by a=0, /?=0, ard 
a=0, /3 =tt If R be the distance of a point (a,/?) from the focus 
(H 5 0) 5 then 

R=c(cosh a— cos ft) , (5a) 


C C — 

log R=log - + a — 2 ^ cos nft 

A n = i n 


3 Let there be a load W at the focus (0, 0) 


Assume 


R *( log B- log J +t 


where w f satisfies equation ( 2 ) and V 2 w' has no singularities within 
the plate 


We have 


Therefore 


c a 

R' = 2 ~ (cosh 2a + cos 2(8 + 2—4 cosh a COS ft), 

~D 1 - ( 2 + 2 a + j|j- +a cosh 2 a^ 

— ^4e“ tt +e a 4 -I. e"~ 3a 4- 4 a cosh cos ft 

~( “ a “§ tf_2 “ + I2 e " 4 ° ) 008 2/3 

_ ® ( 2a-^~ 2 ) g 4e~" g 

»=« /(»- 2)(n— 1 )« (n — !)«(» + 1 ) 


2 e -(n + 2 !). ■) 1 

-^+ixs+i)5 0 “” /! J + ” 
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where 


w'— a + a 0 cosh 2a + (a' i cosh a + a x cosh 3a) cos fi 
4-(a 0 + a f a cos h 2a-fa 2 cosh 4a) cos 2 jB 


+ § {a rt „ 3 cosh (ft — 2 y a + a\ cosh na + a n cosh (ft + 2) a} cos n/3 (8) 


Flora (6) and (8) it is easily seen that =0 when a=0 


If the edge a=a 0 be clamped, we have 


10—0 and =0 
0a 


when a=a 0 . 


Solving the equations obtained fiom (9) we have 


a smh 


W 

^°= lMD [3+4(1 + o 0 ) sinh 2a 0 — 2 cosh 2a 0 — cosh*2a 0 ], 


Wc ! r . 


a ° smh 2a ° = -32^D 


[2— 3e 2a<) + cosh 2a 0 +2a 0 smh 2a 0 ], 


d i cosh* a 0 smh 2a 0 = — — — [l + (4e~ a o + e a i>)(3 smh 3a 0 


-cosh 3a 0 )+4 cosh a 0 (3a 0 smh 3a 0 — cosh 3a 0 ) 


-4a 0 smh a 0 cosh 3a 0 ], 


a! 1 cosh* a 0 smh 2a 0 = — — [—3 + 4 cosh 2 a 0 — e“" 3a o(cosh a 0 


a' 9 smh 2a 0 cosh 4a 0 = — 2a 0 smh 4a 0 


+ismh a 0 )}, 


[4 — a 0 — | e~ 2ac >+ige“" 4 «o^smh 4a 0 


— ^ — 1 + g- e 2a °~g e 4a ° ^ GOSh 4< a oJ > 
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a, sink 2a 0 cosli 4a 0 =a 0 sinh 2a 0 
Wc 


[~ 2 (- l- a °- J e_2 “° + !-2 e " 4o °) smh 2a ° 

+ ( — 1 + | e“ 2c, o — t e~ 4 “o^ cosh 2a 0 J , 

a'„[n8inh 2a 0 +2 cosli 2a 0 sink (n + 2)a 0 ] 

= — sinh 4a 0 + 2 sink 2iia 0 ] 
Wc> . OX «... ( fl -(n-S)«o 


8*D 


- |^(>i + 2) sink (» + 2ja 0 ^ 


2e~ n ®a 


— 2)(re— l)n 
e — (n + 2)a 0 


g o ) 

-2) j 


(« — 1)»(»+1) w(«+l)(» + 5 

tel, („+2)a 0 

( (^*— l)w (»— l)(w + l) w(n+l) 

a*[n smh 2a 0 +2 cosh 2a 0 smh (n + 2)a 0 ] 

= a n ^ a [(n— 1) smh 2a 0 +smh (2w— 2)a 0 ] 


+ ^Sr[ nsinhria ° i 


e -(n-2)a 0 
(w— 2)(n — 1 )n 


2e~* na o e -(n + 2)a 0 | 

(ft— -l)w(n + l) w(n + l) (n + 2) ) 

. ( e -(n-2)a 0 2e~~ na o , e -(n + 2)a 0 } ~i 

+ cos na 0 | (n — l)(n+l) n(w-fl) 

In conclusion, I wish to express my .thanks to Prof N E. Sen, for 
his interest m the preparation of the paper 

Bulk Cal Math Soc , Vol XXI, Xos 8 & 4 (1929) 


6 


On the condition op orthogonality of two circles 

BY 

C V H Eao, M A 
( TJniveisity of the Punjab) 

1 Given two circles, the Radical Avis is an ancient concept, but 
the Radical Circle* is of quite iccent oiigm L establish, with carte- 
sians, the chief piopeity of tins Cucle ss a locus, I pioceed to point 
out how the i elation between two given circles, their Radical Axis, 
and the Radical Cucle is independent of metneal comidei ationb I then 
indicate how a necessary and sufficient condition could be stated in any 
system of general homogeneous co-ordinates for two circles to cut 
orthogonally , and as thus stated it will be apparent that tin <? condition 
is purely a condition of projective geometry I close with a verification 
that these ideas lead to the usual result m the areal system of co-ordi- 
nates 

2 Given m cartesians two circles S x and S a m the canonical form, 
we define the Radical Circle as the locus of centres of Circles which 
meet S x orthogonally, and are met at the ends of a diameter by S a 
If S 0 is the varying Circle, r 0 its radius, and (r 0 , y Q ) the centre, the 
two conditions lead to 

r o = SxO 0 > Vo), -~^ 0 2 =S a (> 0 , y 0 ), 

whence the required locus is S x +S 2 =0 and is symmetrical as between 
the two Circles f The Radical Axis being S t — S a =0, we may consi- 
der the coaxial system of circles fixed by S x and S fl as a linear aggregate 
wherein the Radical Cucle may be defined as the fourth harmonic of 
the Radical Axis, this last being understood as the one member of the 
family which degenerates 

3 The centre of the Radical Axis, considered as a circle, being an 
inaccessible point, it follows that the centre of the Radical Circle is 

* Cf Coolidge — The Circle and the sphere, pp 105-110 

f My attention has been drawn to this method of proof by Mr Hans Raj Mittal 
It may however be said bo be contained implicitly in a remark ju Coolidge, loo o%t 
page 100, end of Theorem 200 T 
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the point midway between tlie centres of S! and S a , and the Circle 
itself passes through the two common points of S 15 S 2 But in 
general it does not pass tin ough the centres of S lt S g If, however, 
it does pass through the centre of either of the two Circles, so does it 
pass thiough the centre of the ofcliei as well , and as a consequence 
the two circles meet orthogonally 

Wherefore we say that the necessary and sufficient condition for 
two circles to intei sect oithogonally is that their Radical Circle should 
pass through the centre of eithei encle and hence also through the 
centre of the other 

4 Using any system of homogeneous oo-oidmates, if S x ( * , */, :) =0 

and S a ^, y, *)=0 be the two given cucles, the necessary and sufficient 
condition that they should cut at right angles is that t^+XS^O 
should pass tlnougli the centie of eithei of the two given cucles, where 
the constant X is to be so chosen that the circle XS ? =0 degene- 

rates into the line at infinity m the particular system of co-ordinates 
used togethei with a second line m the finite part of the plane 

5 Using areals m paiticulai, consider the circle 

S(ar, y , ») = 2E at 2 +2 fy z=0. 

It may be expressed in the form 

where 

/3 + y— 2/=a^X etc 

The Radical Circle of S and the circumcircle of the triangle of 
reference is then 


The condition for orthogonality is that this equation should be 
satisfied by the co-ordinates of the circumcentre which are proportional 
to 

sm 2A, sin 2B, sin 20 

We require therefore that 

(2 sm 2A)(j>a sm 2A) = 2X;>a 2 sm 2B sm 20, which can be seen 
to reduce to the condition usually given 

Pull Cal Math Soc , Vol XXI, Nos 3 and 4 (1929), 



Fig. I 
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On a case of vortex motion near semicircular 

BOUNDARIES AND INFINITE STRAIGHT BOUNDARIES WITH 
SEMICIRCULAR PROJECTIONS. 

By 

Kaminikumar De, M'Sc 
{Calcutta University ) 

As the resistance offered by an obstacle to a streaming liquid is now 
definitely ascribed to the existence of vortices behind it, the study of 
vortex motion near simple geometric boundaries may not be considered 
quite unfruitful For a complete circular boundary (in two 
dimensions), a straight vortex is known to describe a concentric circle 
The method of images which gives the solution easily m this case, is 
directly inapplicable when the boundary consists of two arcs of circles 
By conformal transformation however, the region inside or outside the 
arcs can he converted mto the region m an infinite half plane when the 
treatment of the problem by the method of image immediately leads to 
the desired solution, A theory of transformation by means of inversion 
has been given by Bouth* but the path of the vortex is fairly com- 
plicated and its actual plotting involves some labour In two 
important cases however, mz< when the motion is inside a semicircular 
boundary or m an infinite straight boundary with semicircular projec- 
tion, the plotting of the paths can be made to depend on the measure- 
ment of certain lengths without any trigonometrical calculations or 
♦other additional constructions The object of the note is to draw 
attention to this point and actually plot the curves m these two cases 


# 1 Some Applications of conjugate Functions Proc L*M*S , XII, 1881. 
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fl 



Both the eases can be solved by the same formulae of transforma- 
tion as shown below. 



The region inside the semicircular boundary (A x ) is transformed 
ultimately into the semi-infinite plane on the positive side of the real 
axis and the infinite straight boundary with semicircular projection 
(B x ) into the semi infinite plane on the negative side 

We have, 

wz= g +t a ~( ^ a +2/ a ~aM a -4v a a^4^ a ^ a + ^ a _ a2) 

\z—a ) {(<»-a) a +y 8 } a 

so that 


£^( a 2 + 2/ a -aT-~Vft * 4tya(x*+y*-a*) 

{(aj~a)*+2/ a } a {(a--a) a +y a } a “~’ 

and 

^ =-4aii±SL, 

dz (0— a ) 3 ’ 


whence 


dw 

dz 


=ia J z + a I 

| z-ay 


, where | z+a | = {(»+a)* + y*}» , 

I z—a | ={(*— a) 4 +y a p. 
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Let a vnrtex at £ lf ij 19 in the zy-plane correspond to a vortex at r lt 
in the 0 -plane The stream function due to a vortex at£ x , rj v m the 
semi-mfimte plane is given by 




jfe 

4 7T 


log 


((— £i)* + (v—Vi)* 
(£—£i ) 2 + (y+Vi ) 2 


Now, the stream function for the motion of a vortox at r l9 y x m the 
z-plane can be found, when the stream function for the motion of the 
vortex at the corresponding point f l , rj l9 in the zc-plane is known. If 
x'(a?i, y x ) and x(£i> Vi) are these two stream functions, we have 
x'0h> Vi) g iven b y 

>C'(* 1 ,2/ 1 )=x(f l .’7 l )+| r log , t 


Again, to find x^nVi) we have 



where 

^="e l0g{{f ” f » ) * + (,,+,,) '» } » and (lf)x’ (ffX 


indicate that xn the results of differentiation we are to put£ lf y x m place 
of f, y 

Hence 


X =-- lo g1h 

Thus for the region A lt we have 

X'(*u2/ 1 ) = ~ ^log^ + t log 


dw 

dz 



\ z 1 + a \ 1 * x —a | 


+ const A 


so that the path of P is given by 


| z + a | z —a | 
y(a+r)(a— r) 


const 


a) 


f Eolith, loo . cii., p. 83. 
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In the same way for a vortex at rj 2 m the w-plane correspond- 
ing to one at y 2 m the e-plane in the region B i; 


and 


X=-^log (- 71 ,) 


x'( 2/0=1^ ] °g 


j + ce. | | Zjr-a \ 

y a ( r i + a)() 8 -«) 


+ const 


( 2 ) 


% e , the path of the vortex m the region B x , is given by 


1 £±fLL I z ~ a I = const 
y(r+a)(r—a) 

In both the cases, to find the constant for a particular point y x ) 
we have only to measure the distances of the point from A and B, and 
from the origin The path of a vortex can easily be traced In Fig I 
and Tig II such paths have been shown 


The component velocities u Xi v l of a vortex at r l} y x can now be 
found since \ f 1S the stream function of the vortex, we have 


w= 


_9x' 

dy 


v = 


M 

9 x 


Differentiating equation (2) we have m the region II, 


9x' = Ji. T 1 jl v. 4a a y(a 2 + r a — 2x a ) 

dy 4i7r L y (r 2 — a a )(r 2 + 2aa-f-a a )(r a — 2sca+a*) 


_ 9 x' _ _ f 8a*xy 2 __ 

“ 0^ 4tt L(a 2 — a 3 )(r 2 +2#q + a 2 )(r 8 -2 + a 2 ) 


... (3). 

... (4) 


h 1 

How. the velocity of a vortex in a semi-mfinite plane is 7 - i m the 

4ir y 

direction of a>axis, So from equations (3) and (4) we easily see the 
effect of the semicircular projection, 
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Considering terms upto the order of a 2 // 2 we find from the above 
equations the alteration of velocity in the direction of c-axis to be 

— - (% sin 6 cos 20 ) and in the dnection of w-axis — - (il sin 0 sm2^1 
7T \r 3 / * tt V 8 ) 

Hence to the order considered, the efiectofthe semi-circnlai pio- 
jection is to alter the velocity by the amount 


l a 2 n 

sin 0 a 

tt r 3 


Inside the semicircular boundary we wnte the expressions for 
velocity components m the form 



=JL tyHa* ~r*) + (3y* --cl* +$*){((* -a*)* +2y*(x»+g*) + y*} 
4tt {(u-f-a) a + 2/ a }{(^ — a ') a +2/ a }(<^ 2 — a? 2 — 


r ~9x' - J \ 8a*jcy* 

9^ 4tt {(r + a) 4 + 2/ a }{(aT“- u) a + y*}(a ii — x*—y^) 


( 6 ) 


From equation (6), it is seen that ^=0 when either y=z 0 or x =0 
The vortex is not to be on the aj-axis , so the component vanishes ori y- 
axis 

Inside the semicircular boundary we shall have a point where the 
velocity of the vortex vanishes This we can expect to lie on y- axis 
hence putting a =0 m the expression for n, we get the equation 

y° + 5a*y 4> + 3a 4 */ 2 — a 6 =0 


as the equation giving y , where the velocity vanishes Now, this 
equation is a cubic equation in y 2 ; and m graphical representation we 
may take a as unity, so that we have 


y a +5^ + Sy»-l=0 
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It is seen that this equation has one real root lying between 0 and 1 , 
and this root has been found to beO 237 veiy nearly, giving y — + 486 
The negative value being inadmissible in the case consideied we have 
the null point, i e , the point where the vortex remains stand still, given 
by (0, 0 4^6) The point is shown m the graph by a cross mark 

It is easily seen that in the region II 5 though the ^-component of 
velocity may vanish, there is no such point where the vortex ha-, no 
velocity at all 

The expression for pressure at a point on the boundary is cumbrous 
and does not appear to be of any use 

In conclusion, I wish to express my thanks to Dr N E Sen for 
suggestions and help 
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